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ABSTRACT

We develop a model in which a firm’s manager can voluntarily disclose to privately
informed investors. In equilibrium, the manager only discloses sufficiently favorable
news. If the manager is known to be informed but disclosure is costly, the probability
of disclosure increases with market liquidity and the stock trades at a discount rel-
ative to expected cash flows. However, when investors are uncertain about whether
the manager is informed, disclosure can decrease with market liquidity and the stock
can trade at a premium relative to expected cash flows. Moreover, contrary to common
intuition, public information can crowd in more voluntary disclosure.

VOLUNTARY DISCLOSURES BY FIRMS ACCOUNT for nearly two-thirds of the
return variation created by firm-level public announcements (Beyer et al.
(2010)). A large empirical literature studies how these disclosures relate to
market outcomes, such as liquidity and average returns, which depend on in-
vestor information. Yet existing theory is largely silent on how such voluntary
disclosures affect trade based on private information and, conversely, how such
information affects a firm’s propensity to disclose. ! Moreover, understanding
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these interactions is important for policy. The impact of regulations that affect
the availability and quality of public information about firms depends on how
they affect firms’ incentives to voluntarily disclose complementary information
and investors’ incentives to trade on their private information. 2

We develop a model of voluntary disclosure in which a firm’s price is de-
termined through trade among privately informed risk-averse investors and
noise traders. With some probability, the firm’s manager is informed about its
cash flows, which are normally distributed. Before trading begins, the manager
chooses whether to publicly disclose this information at a cost to the firm, with
the goal of maximizing the firm’s expected price. In addition to the manager’s
decision, investors use their private information and the price signal to update
their beliefs when trading the stock. Importantly, the manager anticipates that
even when he chooses not to disclose, the stock price reflects noisy information
about cash flows as a result of informed trading.

In equilibrium, the manager follows a threshold strategy: he discloses infor-
mation if and only if it is sufficiently favorable. As a result, when the man-
ager does not disclose, investors know that he may be concealing bad news,
which causes their beliefs to be asymmetric. This implies that the traditional
“linear-normal” approach (e.g., Hellwig (1980)) to solving for an equilibrium
price, which is linear in investors’ private information and noise trade, cannot
be applied. Instead, we build on the approach developed by Breon-Drish (2015)
to characterize the financial market equilibrium. We show that when there is
no disclosure, the equilibrium price is a nonlinear, noisy signal of fundamen-
tals that aggregates investors’ beliefs about both the firm’s cash flows and the
likelihood the manager is informed.

A key takeaway from our analysis is that the underlying economic friction
driving nondisclosure plays a critical role in determining market outcomes.
3 We focus on two widely studied and economically important benchmarks.
The “costly disclosure” benchmark considers the case in which the manager
is known to be informed but voluntary disclosure is costly, as in Verrecchia
(1983). The “probabilistic information” benchmark assumes that the manager
may be uninformed with some probability but there are no disclosure costs
(e.g., Dye (1985), Jung and Kwon (1988)). We show that the nature of the equi-
librium, including the interactions among voluntary disclosure, liquidity, and
expected returns, differ radically across these benchmarks.

2 Even in the absence of regulation, managers often voluntarily provide extensive information.
Firms provide qualitative discussions, forecasts, and non-GAAP (Generally Accepted Accounting
Principles) earnings to help investors predict future outcomes that are not captured by mandatory
financial reports. For instance, despite the absence of regulation requiring Environmental, Social,
and Corporate Governance (ESG) reporting, among S&P 500 firms, 78% provide ESG reports of
which 36% are audited (Kwon et al. (2018)). In fact, Ross (1979) argues that given firms’ incentives
to disclose information voluntarily, mandatory disclosure regulation is neither necessary nor de-
sirable.

3In the absence of such frictions, firms would always disclose their information to investors,
regardless of the news they possess. Intuitively, if they did not disclose, investors would infer that
their news corresponds to the worst possible outcome. See the discussion of the disclosure principle
in Dye (1985).
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In the costly disclosure benchmark, we find that there always exists a unique
threshold equilibrium. Moreover, the likelihood of disclosure increases with
improvements in market liquidity, that is, with an increase in noise trad-
ing volatility or a decrease in investors’ information precision. Conditional on
nondisclosure, the firm’s expected cash flows exceed its expected price, even
when its per-capita supply is zero. This undervaluation is consistent with a
negative relation between voluntary disclosure of idiosyncratic proprietary in-
formation and a firm’s cost of capital, as documented in, for example, Boone,
Floros, and Johnson (2016).

In this benchmark, because the manager is known to be informed, investors
know that the manager must have observed bad news when he does not dis-
close. Following nondisclosure, investor beliefs about future cash flows are neg-
atively skewed so that investors are exposed to “downside” risk when holding
the stock. Consistent with the documented evidence of asymmetric liquidity
(e.g., Avramov, Chordia, and Goyal (2006), Johnson and So (2018)), this asym-
metry in payoffs causes noise trader sales to have a larger price impact than
noise trader purchases. Consequently, the firm is priced at a discount on av-
erage, even when the per-capita supply of the stock is zero. Finally, when in-
vestors’ private information is noisier or noise trade is more volatile, investors
face greater uncertainty following nondisclosure, which increases this price
discount and, in turn the manager’s incentive to disclose.

In the probabilistic information benchmark, we show that a unique thresh-
old equilibrium exists as long as investors’ information is sufficiently impre-
cise. Furthermore, in stark contrast to the costly disclosure benchmark, the
likelihood of disclosure can decrease with liquidity, and the stock can trade at
a premium relative to expected cash flows conditional on nondisclosure. These
differences arise because nondisclosure does not necessarily indicate that the
manager is hiding bad news—he may simply be uninformed. Thus, following
nondisclosure, investors use their information to update their beliefs about
both whether the manager was informed and, if he was informed, the news he
observed. This causes the likelihood of disclosure to increase with the preci-
sion of investor information and, consequently, to decrease with liquidity. In-
tuitively, when investors have more precise private (or price) information, they
are better able to detect whether the manager is informed. This increases the
manager’s incentive to disclose when he has bad news, since otherwise the
nondisclosure price more closely reflects this news.

Moreover, investors face “upside” risk: conditional on nondisclosure, there is
some probability that the firm’s cash flows are very high (and the manager is
uninformed) even if the price is relatively low, which makes selling the stock
risky for investors. As a result, investors may demand greater price compensa-
tion to absorb noise trader buying than to absorb noise trader selling. We show
that this asymmetry can lead to a price premium whereby the firm’s expected
nondisclosure price can be higher than its expected cash flows. This offers a
potential explanation for the puzzling empirical evidence showing that firms
that strategically refrain from certain types of disclosure, such as guidance,
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earn lower abnormal returns (Jiang, Xu, and Yao (2009) and Zhou and Zhou
(2020)).

Finally, we explore how ex ante public information affects voluntary disclo-
sure and overall market informativeness. When investors lack private informa-
tion, prior work typically finds that public information “crowds out” voluntary
disclosure. Intuitively, more public information reduces investor uncertainty,
which attenuates the negative inference they draw from nondisclosure. This,
in turn, reduces the manager’s incentives to disclose.

With privately informed investors, we find that there are two additional ef-
fects. First, more public information leads investors to trade less intensely on
their private signals, and can make the nondisclosure price less informative
about fundamentals. This substitution channel tends to increase the manager’s
incentives to disclose.  Second, more public information decreases investor
uncertainty, and thereby reduces the wedge between the (nondisclosure) price
and expected cash flows. This valuation channel increases the average nondis-
closure price in the costly disclosure benchmark, which discourages disclosure,
but it can reduce the average nondisclosure price in the probabilistic informa-
tion benchmark, which encourages disclosure.

We show that in the costly disclosure benchmark, the substitution channel
dominates the valuation channel when disclosure costs are high and investors’
private information is precise. > As a result, more public information “crowds
in” voluntary disclosure under these conditions. In contrast, in the probabilis-
tic information benchmark, more public information mitigates the overvalu-
ation following nondisclosure. When the public signal is sufficiently precise,
we show that this can dominate the substitution channel, again leading public
information to crowd in voluntary disclosure.

Our analysis demonstrates that one must identify the underlying friction
driving nondisclosure to understand the relation between voluntary disclosure
and market outcomes (e.g., liquidity, expected returns, and price informative-
ness). In Section VI, we propose approaches that may be useful in doing so. In
some empirical settings, it is immediately apparent which friction is at play.
For instance, redactions in contract disclosures, withholding information about
segment-level performance, and nondisclosure of details about filed patents are
instances in which the firm evidently has information but chooses not to dis-
close it. However, for firms with secure market power, the proprietary costs of
disclosure may be negligible, so that nondisclosure may be due primarily to a
lack of information.

The rest of the paper is organized as follows. Section I reviews the related
literature. Section II presents the model and discusses our assumptions, and

4 As we discuss in Section V, this substitution channel is consistent with the evidence in Brown
and Hillegeist (2007) and Jayaraman and Wu (2019) that annual report disclosure quality and
segment reporting, respectively, are negatively associated with informed trade.

5 When disclosure costs are large, the manager is indifferent between disclosing and not when
his signal is very high. Thus, a reduction in the informativeness of the nondisclosure price causes
a large drop in the nondisclosure price that the manager expects, which increases his incentives
to disclose.
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Section III presents the equilibrium characterization. Section IV discusses the
implications of our analysis for the likelihood of disclosure and firm valua-
tion. Section V introduces an ex ante public signal to the benchmark model
and characterizes when public information can crowd in voluntary disclosure.
Section VI discusses approaches for identifying which frictions drive nondis-
closure in a given setting, and our model’s empirical predictions and policy
implications. Section VII concludes. Proofs and extensions can be found in Ap-
pendices A and B, respectively.

I. Related Literature

Our paper contributes to two strands of literature: models of voluntary dis-
closure and models of privately informed investors. The literature on voluntary
disclosure, starting with Jovanovic (1982), Verrecchia (1983), and Dye (1985),
typically models financial markets in a stylized manner, assuming that in-
vestors are uninformed, risk-neutral, or both.  There are some notable excep-
tions. Bertomeu, Beyer, and Dye (2011) and Petrov (2020) analyze settings in
which there is a single risk-neutral informed trader, while Einhorn (2018) con-
siders trade based on private information when nondisclosure is completely
uninformative. Almazan, Banerji, and Motta (2008) endogenize the manager’s
incentives to use cheap talk communication when facing a market with risk-
neutral informed investors.

In contrast, analysis of disclosure in the context of privately informed in-
vestors has focused largely on either nonstrategic disclosure or settings in
which the manager can commit ex ante to a public signal with chosen pre-
cision (see Goldstein and Yang (2017) for a recent survey). ” To the best of our
knowledge, our paper is the first to study voluntary disclosure to a market
of heterogeneously informed risk-averse investors when the manager cannot
commit to a disclosure strategy. A key step is to allow investors to learn from
prices in an environment in which the price does not have a standard linear-
normal form. We build on the insights of Breon-Drish (2015) to overcome this
challenge. Specifically, as in his paper, we show that there exists a unique equi-
librium in which the price is a generalized linear function of a noisy signal
about fundamentals. 8

6 Examples of voluntary disclosure models with risk-averse, but uninformed traders include
Verrecchia (1983), Cheynel (2013), Jorgensen and Kirschenheiter (2015), and Dye and Hughes
(2018).

7 Examples of models in which the firm can commit ex ante to a disclosure policy include Xiong
and Yang (2021), Schneemeier (2019), and Cianciaruso, Marinovic, and Smith (2023). More gen-
erally, Diamond (1985), Kurlat and Veldkamp (2015), Banerjee, Davis, and Gondhi (2018), and
Goldstein and Yang (2019) show how public disclosures affect the extent to which investor infor-
mation is reflected in prices.

8 Other papers that consider rational expectations equilibria with nonlinear prices include
Banerjee and Green (2015), Glebkin (2015), Albagli, Hellwig, and Tsyvinski (2020), Albagli, Hell-
wig, and Tsyvinski (2023), Chabakauri, Yuan, and Zachariadis (2022), Smith (2019), Lenkey
(2021), and Glebkin, Malamud, and Teguia (2020).
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The common intuition in the existing literature is that prior public infor-
mation and voluntary disclosure are substitutes, especially when they concern
the same underlying fundamental shocks (e.g., Verrecchia (1990), Bertomeu,
Vaysman, and Xue (2021)). ? Our analysis suggests that these two types of
information may instead be complementary when investors are privately in-
formed. Existing work has documented alternative economic channels to gen-
erate a similar relation. Friedman, Hughes, and Michaeli (2020, 2022) show
that these information sources may be complements when firms experience
a discrete gain should investors’ expectations exceed a cutoff. Einhorn (2005)
find that certain correlation structures between public information and vol-
untary disclosure lead them to be complements. Frenkel, Guttman, and Kre-
mer (2020) find that disclosure by an external party may crowd in firm disclo-
sure when the external party and the firm possess information with correlated
probabilities.

Our finding that the firm’s expected price can differ from its expected cash
flows even in the absence of “traditional” risk premia (e.g., when the aggre-
gate supply of the asset is zero) is similar to existing results in the literature.
Albagli, Hellwig, and Tsyvinski (2023) consider a setting with privately in-
formed risk-neutral investors with position limits, while Chabakauri, Yuan,
and Zachariadis (2022) consider an economy with privately informed constant
absolute risk aversion (CARA) investors. In both papers, when investors have
nonnormal priors, prices are nonlinear in the asset’s noisy supply. As in our
model, this nonlinearity implies that the expected price is generally not equal
to the expected payoff. The generality of the approach in these papers allows
them to explore the implications of private information for a rich set of asset
classes, including stocks, bonds, and options.

We complement this work by focusing on how a firm’s voluntary disclo-
sure decision endogenously leads to nonnormal investor beliefs, which result
in turn in a nonlinear price. Conditional on nondisclosure, investors’ beliefs
about payoffs are given by a mixture of a normal and a truncated normal dis-
tribution, where the truncation is determined by the firm’s disclosure deci-
sion in equilibrium. Importantly, as our analysis highlights, the nature of the
nonlinearity (that is, whether the price is concave in underlying shocks) de-
pends on the underlying friction driving nondisclosure. '° Relating valuation
to disclosure allows our model to speak to the large empirical literature that
studies how voluntary disclosures affect firms’ costs of capital (e.g., Botosan
(2006)).

9 As Goldstein and Yang (2017, 2019) point out, this may not be the case if the two sources of
information concern different components of payoffs.

10 Since the price is globally concave in the costly disclosure benchmark, our results on under-
valuation follow from an argument in the spirit of Jensen’s inequality, as in the existing literature.
However, the price is neither globally concave nor convex in the probabilistic information bench-
mark, so our analysis of this case provides a technical contribution relative to earlier work.
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II. Model Setup

Our model features verifiable disclosure (e.g., Jovanovic (1982), Verrecchia
(1983), Dye (1985)) in a market with privately informed investors (e.g., Hellwig
(1980)).

Payoffs. Investors trade in both a risky and a risk-free security. The gross
return on the risk-free security is normalized to one. The risky security is
the stock of a firm, which pays terminal cash flows ¢ that are normally dis-
tributed with mean zero and variance o2, that is, & ~ N(0, 02). We normalize
the mean of cash flows to zero without loss of generality. We assume that there
are noise/liquidity traders who demand Z ~ N(0, 02) shares of the stock. The
aggregate supply of the stock is « > 0.

Preferences and information. There is a continuum of investors indexed by
1 € [0, 1]. Each investor i is endowed with initial wealth W, and exhibits CARA
utility with risk tolerance t over terminal wealth W;, where

W, =Wy +D;([@ — P)

and D; denotes his demand for the stock. Investor i observes a private signal $;
of the form

S, =0+§. (1)

The error terms follow the distributions & ~ N(O, of) and are independent of
all other random variables.

Disclosure decision. Prior to trade, the firm’s manager privately observes o
with probability p € (0, 1]. Thus, as in Dye (1985), the manager’s information
endowment is probabilistic. Conditional on being informed, the manager can
verifiably disclose this information to the market, subject to a disclosure cost
of ¢ > 0 borne by the firm (e.g., a proprietary cost). The manager aims to maxi-
mize his expectation of the equilibrium price. If the manager does not learn v,
he is unable to credibly convey this lack of information to the market.

Note that our model allows for either or both of the standard disclosure fric-
tions, namely, a disclosure cost and a random information endowment. To pre-
vent “unravelling,” we assume that at least one of these two frictions is present,
that is, at least one of ¢ > 0 and p < 1 holds. Several of our results focus on the
two benchmarks from the literature: (i) ¢ > 0 and p = 1, which we refer to
as the costly disclosure benchmark, and (ii) ¢ = 0 and p < 1, which we refer to
as the probabilistic information benchmark.

The timing of events is summarized in Figure 1. At date ¢t = 1, investor i ob-
serves his private signal §;. At¢ = 2, if informed, the manager chooses whether
to disclose 7. Conditional on disclosure, the price at date ¢ = 3 is determined
entirely by the disclosed information. Conditional on nondisclosure, investors
use their private signals and the information in prices to choose their demands,
and the price is determined by market clearing. Finally, the firm pays off ¢ to
shareholders at ¢ = 4.
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t=1 t=2 t=3 t=4
Investor ¢ observes The firm chooses Investors trade The firm pays off ©
3; privately whether to disclose v the risky asset to shareholders
at price P

Figure 1. Timeline of events.

A. Discussion of Assumptions

Our benchmark analysis makes several simplifying assumptions for analyt-
ical tractability.

Perfect verifiable disclosure. The assumption that disclosure is verifiable, as
opposed to manipulable, is common in the literature. Einhorn and Ziv (2012)
show that the possibility of costly manipulation does not qualitatively affect
analyses of verifiable disclosure, and thus we rule it out for parsimony. Note
we also assume that the manager observes the value of the firm perfectly. The
essential assumption that lends tractability to our analysis is that the man-
ager has incremental information relative to the market; qualitatively similar
results hold when the manager’s signal is noisy.

Public information. Our benchmark analysis focuses on how the presence
of investors’ private information affects voluntary disclosure. In Section V, we
extend the model to allow for an ex ante public signal and study how the preci-
sion of public information affects the probability of voluntary disclosure in our
setting. We show that the presence of privately informed investors can have
important implications for whether public information crowds out or crowds in
voluntary disclosure. In Appendix A, we further extend the benchmark model
to allow for both an ex ante public signal and an ex post public signal. We find
that our equilibrium characterization remains qualitatively the same.

Noise trade. As is common in models of informed trade, noise trade ensures
that the equilibrium price does not fully reveal the firm’s value. In our model,
noise trade also leads the manager to face uncertainty regarding the market
reaction should he refrain from disclosure and thus about the relative payoffs
to disclosing and not disclosing. This complements related work that consid-
ers settings in which managers face uncertainty about the market reaction
should they disclose (Suijs (2007)) or about audience preferences (Bond and
Zeng (2022)). Note further that our model also allows for the case in which the
firm’s disclosure decision influences the extent of noise trade. This might occur
if, say, a fraction of liquidity traders wait to trade until after uncertainty is
resolved and thus avoid trading when the firm withholds its news. As we will
see, noise trade plays a role only when the firm does not disclose. Thus, our
model can capture this case if we interpret the level of noise trade as its level
conditional on nondisclosure. Finally, in Appendix B we show that our results
are qualitatively similar if the noise in prices arises due to hedging demands
of the informed investors.
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II1. Equilibrium

We focus on a class of equilibria that is both intuitive and commonly studied
in voluntary disclosure models.

DEFINITION 1: A threshold equilibrium is characterized by a threshold 7' € R
such that the manager discloses if and only if he is informed and ¢ > T'.

In classical disclosure models, any equilibrium must take this form as the
manager’s payoff given nondisclosure is constant and his payoff given disclo-
sure increases in 0. However, it is less clear that all equilibria must take this
form in our model—not only does the manager’s payoff given disclosure depend
on 7, but so too does his payoff given nondisclosure (through investors’ trading
behavior).

We can show that in any equilibrium, the manager discloses sufficiently
large realizations and withholds sufficiently low realizations of §. ! This dis-
closure behavior rules out equilibria such as those in Clinch and Verrecchia
(1997) and Kim and Verrecchia (2001) whereby the manager discloses exclu-
sively extreme or moderate values. However, we have not been able to either
establish existence or rule out equilibria consisting of disjoint disclosure sets
that are bounded from below.

To characterize a threshold equilibrium, our initial focus is on deriving the
firm’s price when the manager does not disclose; we denote this event by ND.
In contrast to standard models without private information, this price depends
on the firm’s value through investors’ private signals. As we will see, only the
average investor signal [ s;di influences price, which, given that there is a con-
tinuum of investors, simply equals v. Thus, we let Pyp(v, z; T') denote the equi-
librium price given nondisclosure when the firm’s value is § = v, noise trade
is Z = z, and the market believes that the threshold above which the manager
discloses is T'.

A. Market Pricing

Given the asymmetric nature of the manager’s disclosure behavior in a
threshold equilibrium, the absence of disclosure leaves investors with a non-
normal posterior. This implies that there does not exist an equilibrium in which
Pyp(v,z; T) is a linear function of v and z. We solve for the equilibrium by
applying the techniques developed in Breon-Drish (2015). In particular, we

11 Equilibria in which the manager discloses upon observing ¢ below some threshold T are easily
ruled out: if the manager followed such a strategy, the firm’s price when he does not disclose would
be no less than 7', as otherwise there would exist an arbitrage opportunity. Moreover, in any equi-
librium the firm’s price conditional on disclosure is simply ¢ — ¢. Thus, the manager would prefer
to deviate, refraining from disclosure when they observe o < T' + c. Likewise, in any equilibrium
the manager always discloses upon observing sufficiently high ¢. Intuitively, if the manager did
not disclose upon observing o > T, then the firm’s price conditional on nondisclosure would be
bounded above by 7' = max(0, T') (since, conditional on the manager not being informed, the ex-
pected cash flow is zero). However, this would imply that when the manager observes & > 7' + ¢,
he would prefer to deviate to disclosing.
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conjecture and verify the existence of a “generalized” linear equilibrium in
which, rather than a linear function, the price is a continuous monotonic trans-
formation of a linear function of the firm’s value v and noise trade z, 12

Pyp(w,z; T) =G + Bz; T), (2

where G(x; T') is a strictly increasing, smooth function of x.

The key feature of such an equilibrium is that, just as in a linear equilibrium,
investor i can infer a “truth-plus-noise” signal §, = 0 + pZ from the price, so
that

§,|0 ~ N(D, ag), where 05 = ﬂzcrzz. 3)

This characterization allows for a tractable calculation of investors’ posterior
beliefs given their private signals and the information in price. In particular,
investors’ updated beliefs ¢ given their price and private signals are again
normal with mean and variance

-1

1 1 1 s 8
Io 1 o g g
v € p & p
11 1\
o2 =varlo|s;, §,] = 0_1)2 + a_f 0_3 ®)

To complete the derivation of the equilibrium price, we follow a series of
steps, which are outlined in detail in Appendix A. First, taking as given the
form of the price in expression (2), we derive each investor’s demand as a func-
tion of their information set, which includes not only their private signal §;
and the signal contained in the price, §,, but also the knowledge that the firm
has not disclosed. Note that the manager does not disclose when they are un-
informed or when they observe ¢ < T'. Thus, investors’ beliefs given nondis-
closure are a mixture of a normal distribution and a truncated normal distri-
bution, with mean and variance parameters given in expressions (4) and (5).
Next, we apply the market-clearing condition to solve for the equilibrium price
as a function of 8. Finally, we solve for B to ensure the price is consistent with
the conjecture in (2) and verify that the price is monotonic in §,.

The following proposition characterizes the resulting equilibrium. In stating
this result, we let ¢(x) and ®(x) denote the density and distribution function of
a standard normal distribution, and we let A(x) = % denote the inverse-Mills
ratio.

12 In particular, we apply the results in Proposition 2.1 of the Online Appendix of Breon-Drish
(2015). Note that our framework fits into the exponential family of distributions that is neces-
sary to apply these results, as we show in the proof of Proposition 1. Breon-Drish (2015) also
demonstrates that the generalized linear equilibria we consider here are unique among the class
of equilibria in which price is a continuous function. We abstract from equilibria with discontinu-
ous prices as considered by Palvéolgyi and Venter (2015).
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PROPOSITION 1: In a threshold equilibrium with threshold T € R, when the

manager refrains from disclosure, there exists a unique equilibrium in the fi-
nancial market. In this equilibrium, the firm’s price equals

po(E2) i 5 )+ 1 R

Pyp(v,z2;T) = , (6)
pdD(—T_I;US(”’Z)) +1-p
where
o2
Pow.2) = [udi+ %G -0, ™
T — P,
P(v,z2;T) =Py(v, 2) _Gsh<ﬂ>, (8)
Os
B = “7““2, and ag = ai [2’22. Moreover, Pyp(v, z; T') is strictly increasing in v, z, and
T.

To develop intuition for the equilibrium nondisclosure price, it is helpful to
first consider the components Py in equation (7) and P; in equation (8) sep-
arately (we suppress the dependence of Pyp, Py, and P; on (v,z, T) in what
follows). First, note that Py captures the nondisclosure price if the manager
were known to be uninformed, that is, when p = 0. In this case, the absence of
disclosure is entirely uninformative and the equilibrium price may be derived
as in standard models of trade in which the firm’s value is normally distributed
and investors possess CARA utility (e.g., Hellwig (1980)). Specifically, the opti-
mal demand for investor i is given by

u; — P

5
O

Di(u;,P)=r1 9

where P is the equilibrium price. Applying market clearing, the price then
equals the average investor’s posterior mean plus a risk-adjustment term that
is proportional to noise traders’ excess demand z — «

0_2
PZfMidi+—s(2—K)EPU. (10)
i T

By substituting the expressions for investor beliefs in (4) and (5), one can easily

verify that Py is a linear function of the price signal s, =v + ”7522. Importantly,
note that the price Pyp depends on investors’ private information signals only
through Py. As a result, the price aggregates these signals in precisely the
same manner as in traditional noisy rational expectations models without vol-
untary disclosure. Thus, the signal that investors obtain from the nondisclo-
sure price is identical to the one that arises in Hellwig (1980). Likewise, the
price depends on investors’ risk tolerance t only through Py .
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In contrast, for a fixed T, P; denotes the nondisclosure price when the
manager is known to be informed, that is, when p = 1. A familiar special case
is one in which the manager is informed and investors are risk-neutral and un-
informed (as captured by letting p = 1 and o, — o0). In this case, the nondis-
closure price is simply equal to the firm’s expected cash flows given that o < T,
which reduces to (e.g., Verrecchia (1990))

1y

P =E[6|5 < T] = E[§] — th(W).

Oy

Equation (8) illustrates that the nondisclosure price when both investors and
the manager have information P; combines features of expressions (10) and
(11). Specifically, this price equals the firm’s expected cash flows given 0 < T,
where the mean parameter of the payoff reflects the price that would arise if
the manager was uninformed and the variance parameter reflects investors’
variance parameter given their signals.

Finally, expression (6) shows that in the general case, the firm’s price is a
weighted average of the price if the manager was known to be uninformed
(i.e., Py) and the price if the manager was known to be informed but did not
disclose their information (i.e., P;). The weights reflect the perceived likelihood
that the manager is informed, presuming again that the prior mean over firm
value is Py. Thus, in contrast to the Dye (1985) model, these weights depend
on the noise trader demand z and investors’ private signals: a more optimistic
signal indicates that the absence of disclosure more likely resulted from an
uninformed manager, as opposed to an informed manager who observed nega-
tive news.

B. Disclosure Decision

We next analyze the manager’s disclosure choice. The manager who observes
U = v discloses if and only if his payoff given disclosure exceeds the expected
nondisclosure price conditional on 7 = v, that is,

Bw;T)=v—c—E[Pyp|i =v] > 0. (12)

A threshold equilibrium is incentive-compatible if the manager is more in-
clined toward disclosure when his observed signal ¢ = v is greater. This would
clearly be the case if the nondisclosure price was independent of the firm’s
value, as in voluntary disclosure models without informed trade. However, in
our setting the nondisclosure price reflects the firm’s value through investors’
trading behavior, which may lead this condition to be violated.

An intuitive sufficient condition for there to exist a threshold equilibrium
is that the nondisclosure price reacts to a marginal change in the firm’s value
only partially, that is, M;J;’D < 1. This ensures that the manager is more inclined
toward disclosure as his signal rises, that is, B(v; T') increases in v. While this
condition may seem natural given that investors observe noisy signals, as we
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explain below, it is possible that the price responds more than one-for-one with
a change in the value of the firm. To determine when this is the case, we next

characterize a?;’ .

LEMMA 1: In a threshold equilibrium with threshold T € R, when the manager
does not disclose, the price response to a marginal change in the firm’s value
satisfies

ov

= var[0|ND, fi; = Py |(var '[§;15] + var '[$,15]). (13)

The price response to a shift in 7 is equal to the posterior variance perceived by
an investor whose posterior mean parameter ji; is equal to Py, multiplied by
the combined precision of their private signal and the signal they receive from
price. To gain intuition, consider the case in which the manager is known to
be uninformed (p = 0), as in standard noisy rational expectations models with
normal distributions. In this case,

P, a| [t 2
DL =l [ i %z .
av av | Jo T

Upon substituting for u; and applying Bayes’ rule for normal distributions, this
reduces to

var[dl§;, §,|(var '[§;[0] + var '[§,[0]). (14)

One can verify that this is always less than one, and so the price responds only
partially to an increase in firm value. Intuitively, the price response is driven
by the product of investors’ posterior uncertainty and the total precision of
their information signals.

When the manager is informed with some probability, the posterior variance
that appears in expression (14), var[d|$;, §,], is replaced by var[d|ND, i; = Pyl,
which conditions on the event of nondisclosure (for a “representative” investor
whose signals §; and $, lead them to have the posterior belief ji; = Py). There-
fore, when the manager may be informed, the event of nondisclosure changes
the marginal reaction to the firm’s information by adjusting investors’ poste-
rior variance. When the manager is always informed (i.e., p = 1), observing
nondisclosure reveals that 0 < T'. Because this strictly reduces the possible
outcomes for the firm’s value, investors’ posterior variances fall short of the
prior variance, and thus the marginal price response ‘”;% falls short of the re-
sponse when the manager is uninformed. Thus, this response is less than one.

In contrast, when p < 1, nondisclosure may cause investors’ posterior vari-
ance to exceed the prior variance (see Dye and Hughes (2018)). Intuitively, in
this case investors face an additional source of uncertainty given nondisclo-
sure: they do not know whether the manager was informed with bad news or
was uninformed, outcomes that have very different implications for firm value.
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Figure 2. Existence and nonexistence of a threshold equilibrium. This figure shows the
net benefit to disclosure B(v; T) = v — ¢ — E[Pyp|0 = v] as a function of the observed value v for
p =1 (solid) and p = 0.95 (dashed). The vertical dashed line in each panel corresponds to the
conjectured threshold 7. The left panel illustrates the case of low investor information preci-
sion (o, = 0.75), while the right panel illustrates the case of high information precision (o, = 0.2).
The remaining parameters are ¢ = 0.025 and o, = 1. (Color figure can be viewed at wileyonlineli-
brary.com)

Nevertheless, we show in the next proposition that if the combined precision
of investors’ private and price signals is not excessively large, the sensitivity
of the nondisclosure price to v is bounded above by one, which, as previously
mentioned, ensures the existence of a threshold equilibrium. Furthermore, we
show that when a threshold equilibrium exists, it is unique.

PROPOSITION 2: Suppose that either p =1 or 0—152 + a_lg < [02(1+ 1p(1—p)I7Y,

4 2
2 J— a‘& UZ
where oy ="

is given by

. Then there exists a unique threshold equilibrium in which T

T — ¢ = E[Pyp(T.5)]. (15)

Figure 2 illustrates this result. For a conjectured threshold equilibrium with
threshold 7T, the figure plots the net benefit to a manager with cash flow v
of disclosing relative to not disclosing, B(v; T'). Note that in a threshold equi-
librium, we must have that B(v;T) >0 for v>T and B(v;T) <0 forv < T.
When investors’ signals are sufficiently noisy (Panel A), the net benefit B(v; T')
is always increasing in v and so there exists a threshold equilibrium. This is
characterized by the point at which B(v; T') = 0.

However, when investors’ signals are sufficiently precise and they face un-
certainty about whether the manager is informed (i.e., p < 1), the net benefit
from disclosure can decrease with v (as shown in the dashed line in Panel
B). The reason is that, in this case, investors’ beliefs about whether the man-
ager is informed, and thus their expectations of firm value, change rapidly as
their signals rise above the disclosure threshold 7T'. Intuitively, investors know
that, given nondisclosure, if v > T, the manager could not have been informed.
Thus, as investors’ beliefs increase past T, they increasingly believe that the
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manager did not disclose because he is uninformed, and so their beliefs about
cash flows improve very quickly. This implies that the net benefit to disclosure
falls in v for v close to the conjectured disclosure threshold 7'. 3

IV. Implications

This section analyzes our model’s implications. We assume that the param-
eters are such that the threshold equilibrium we characterize in Proposition 2
exists. Section IV.A characterizes how the probability of disclosure depends on
the underlying parameters of the model, including the precision of investor in-
formation and the volatility of noise trading. Section IV.B analyzes the firm’s
valuation relative to its expected cash flows in our setting.

A. Probability of Disclosure

We begin by providing some standard results on how the probability of dis-
closure depends on underlying parameters, which establish the continuity be-
tween our model and canonical models of voluntary disclosure.

PROPOSITION 3: The probability of disclosure decreases in the disclosure cost
¢, increases in the probability that the manager is informed p, and increases in
the aggregate supply « of the firm.

The first two comparative statics (i.e., with respect to ¢ and p) are intuitive
and aligned with prior literature (Verrecchia (1983), Jung and Kwon (1988)).
The net benefit of disclosure decreases in ¢, which reduces the probability of
disclosure. As the probability the manager is informed p increases, the mar-
ket penalizes nondisclosure more strongly, which incentivizes more disclosure.
Next, when the aggregate supply of the firm « grows, the risk premium asso-
ciated with nondisclosure increases, as investors must bear a larger amount
of aggregate risk, on average. This lowers the nondisclosure price, which in-
creases the manager’s proclivity to disclose.

We next examine how the extent of private information and noise trade affect
the frequency of disclosure. These predictions are novel to our model and speak
to the empirical relationship between liquidity and firms’ voluntary disclosure
decisions.

PROPOSITION 4: The probability of disclosure can increase or decrease with
noise trade volatility (o,) and the precision of investors’ private information

(1/02).

(i) In the costly disclosure benchmark (i.e., p =1, ¢ > 0), the probability of
disclosure increases in noise trading volatility and decreases in investors’
information precision, when c is sufficiently large.

13 Specifically, note that if only firms with v in the interval in which B(v;T) > 0 in Panel
B disclose, this does not constitute a threshold equilibrium, since some firms with v > T do
not disclose. More generally, as discussed in footnote, there cannot exist equilibria in which firms
only disclose if v lies in a single bounded interval.
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Figure 3. Information in price and the probability of disclosure. The figure depicts how
information in price influences the manager’s incentives to disclose. The panels compare the
payoffs to disclosure and nondisclosure that accrue to the manager who observes o = T, given
investors conjecture that the manager discloses when he observes ¢ > T'. The parameters are
oy =0,=1=1,k=0.25, and ¢ = 1 in the costly disclosure benchmark and p = 0.95 in the prob-
abilistic info benchmark. We set o, = 1.5 for the informative price case (dashed blue line) and
o, = oo for the uninformative price case (solid line). (Color figure can be viewed at wileyonlineli-
brary.com)

(i) In the probabilistic information benchmark (i.e., p < 1, ¢ = 0), the prob-
ability of disclosure decreases in noise trading volatility and increases in
investors’ information precision, when investors’ private information is
sufficiently precise.

To understand the proposition, note that either a decrease in noise trading
volatility or an increase in investors’ private information precision raises in-
vestors’ overall information precision given nondisclosure (i.e., 1/02 + 1/05),
and thus makes the price more informative. As Figure 3 illustrates, an in-
crease in price informativeness has opposing effects on disclosure incentives
across the two benchmarks.

Specifically, the figure compares the expected nondisclosure price for the
“threshold firm,” that is, E[Pyp(T, Z; T)l, to the payoff from disclosure T — ¢
(dotted, yellow line) for each benchmark. The solid red line corresponds to
the expected nondisclosure price when the price is uninformative (i.e., o, =
00), while the dashed blue line corresponds to the expected nondisclosure
price when the price is informative (i.e., 0. = 1.5). Recall that an equilib-
rium requires the “threshold firm” to be indifferent between not disclosing and
disclosing,

E[PND(T,f; T)] =T —c.

As such, the respective equilibria are determined by the points of intersection,
which are indicated by the gray dashed lines x = 77 and x = Tyy.
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In the costly disclosure benchmark, since ¢ > 0, the threshold firm v = T has
a higher value than the expected nondisclosure price E[Pyp(T, Z; T')]. Moreover,
as the nondisclosure price becomes more informative, it better reflects this
firm’s actual value v = T', and so is higher on average (i.e., the dashed line is
higher than the solid line). This decreases the manager’s incentives to disclose,
and so the equilibrium threshold increases with price informativeness, that is,
T] > TN].

In contrast, in the probabilistic information benchmark, more investor in-
formation increases the average nondisclosure price E[Pyp(T, Z; T)] if and only
if T is large (the blue curve single-crosses the red curve from below). This
reflects a core difference between the costly disclosure and probabilistic infor-
mation benchmarks. Because the nondisclosing firm may be uninformed, the
threshold firm v = T has a lower value than the average nondisclosing firm
when T is low. As a result, increasing price informativeness decreases the ex-
pected nondisclosure price that the threshold type anticipates. This increases
the manager’s incentive to disclose, and so the equilibrium threshold decreases
with price informativeness, that is, 71 < Ty7y.

Figure 4 provides an illustration of Proposition 4. Notably, while the an-
alytical proofs rely on limiting arguments, numerical exploration suggests
that these results extend to a large range of parameter values. The result
highlights that the underlying friction generating nondisclosure plays a qual-
itatively important role in determining the relation between disclosure and
the drivers of liquidity. Existing empirical analyses of this relation typically
focus on the impact that changes in disclosure have on market liquidity
(e.g., Leuz and Verrecchia (2000), Balakrishnan et al. (2014)). As we elaborate
upon in Section VI.B, our analysis suggests that, in addition, anticipated
changes in liquidity (e.g., via an increase in noise trading volatility or a
reduction in investors’ information quality) can impact managers’ incentives
to disclose.

B. Firm Valuation

We now characterize the firm’s valuation, that is, its expected price, and the
link between voluntary disclosure and the cost of capital. Following the liter-
ature that studies disclosure’s impact on the cost of capital in CARA-normal
models, we refer to the cost of capital as expected future dollar returns, that is,
E[5 — P] (see Goldstein and Yang (2017)). In addition to being of independent
interest, this result also plays a role in understanding how changes in public
information quality affect voluntary disclosure, which we discuss in the next
section.

PROPOSITION 5: Conditional on nondisclosure, the firm’s expected value gen-
erally differs from its expected price.

(i) In the costly disclosure benchmark (i.e., p =1, ¢ > 0), the firm’s expected
value exceeds its expected price, that is,

E[PypIND] < E[0|ND].

85U8017 SUOWILIOD 3A1Ie.D) 8|qedl|dde 8Ly Aq peusenob 8. sajole YO ‘8sn Jo S8in1 10} ARIg1T 8UIIUO A1 UO (SUOHIPUOD-PUB-SWB)LLIOD A8 | 1M Afe.q||BulUo//:Sty) SUORIPLOD pue SWB L 8U1 89S *[£202/2T/92] Uo Ariqiauljuo A8 (1M eluiodifeD JO AiseAIUN AQ 96ZET  HOITTTT OT/I0pAL00 A8 | im ARe.q iUt |uo//Scny Woay papeojumod ‘0 ‘T9Z90vST



18 The Journal of Finance®
Panel A. Costly Disclosure Benchmark Panel B. Costly Disclosure Benchmark
10F ' ‘ ' ' LOF™ ' ‘ ‘ 5
= 08l ~ 038
= e
= =
L 06 2 06" -
2 3
A 04 A 04r ]
= =
A 02 A~ o02f ]
00t SN N SR R = 0.0 b e = =!
1.0 155 20 25 30 10 1.1 1.6
Noise Trade Volatility o, Private Signal Noise o,
— c=1 ---c¢=125 .-. c=15

Ranel C Probabiligtic Info Benghmark

Panel D. Probabilistic Inf(_) Benchmark

_%\ 10f ] _%\ 10 e <)
£ | §
S 09f 1.8 09
= =
= 1=
[0 o
5 08¢ 1 5 osf
[72] 0
2 1.9
Q L
Z07f 2 o07f
=) )
& | & ]
0.6 1 1 1 1 L 06 1 1 L L 1
00 05 10 15 20 25 30 05 10 15 20 25 30
Noise Trade Volatility o, Private Signal Noise o
— p=05 ---p=0.75 - p=0.95

Figure 4. Probability of disclosure versus determinants of liquidity. The figure plots the
probability of disclosure conditional on the manager being informed as a function of noise trading
volatility and investors’ private information precision. The parameters in the costly disclosure
(probabilistic info) benchmarks are set too, =0, =1,0, =3,t=1,and k = 0.1 (6, =0, =0, = 3,
v =1, and « = 0.1). (Color figure can be viewed at wileyonlinelibrary.com)

Thus, voluntary disclosure is negatively associated with the firm’s cost of
capital.

(it) In the probabilistic information endowment benchmark (i.e., p <1, ¢ =
0), when investors’ private signal precision 1/o. and aggregate supply «
are sufficiently low, the firm’s expected price exceeds its expected value,
that is,

Thus, voluntary disclosure can be positively associated with the firm’s
cost of capital.
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Figure 5. Curvature of the price. The figure plots the firm’s nondisclosure price when its value
is equal to the disclosure threshold, that is, o = T', as a function of noise trade z. The left (right)
plot depicts the case in which p = 1 and ¢ > 0 (p < 1 and ¢ = 0). The parameters in the left (right)
plot aresettoo, =3,0. = 1,0, =125, =1,andk =0 (0, =0, =0, = 3,7t = 1, and « = 0). (Color
figure can be viewed at wileyonlinelibrary.com)

While this result is stated in terms of relative valuation conditional on
nondisclosure, it also applies to the firm’s unconditional valuation (.e., E[¢ —
P)). The reason is that there is no misvaluation if the manager discloses.

To gain intuition for Proposition 5, first consider the costly disclosure bench-
mark. Panel A of Figure 5 illustrates that the nondisclosure price in this case
is concave in noise trader demand (z).!* The concavity of the firm’s price is
rooted in investors’ risk preferences. The intuition is most clear when compar-
ing noise trader purchases to sales. When noise traders purchase a sufficient
quantity of the firm’s shares, investors short the stock and demand a boost
in price to do so. However, in the costly disclosure benchmark, nondisclosure
implies that firm value cannot be too high, and so the downside from shorting
is limited, that is, their payoffs are positively skewed. In contrast, when noise
traders sell, investors must bear the risk of being long. In this case their down-
side is unlimited, that is, their payoffs are negatively skewed. Thus, investors
require greater price compensation to provide liquidity to noise traders when
they sell than when they purchase shares. 15

This result is analogous to those in Albagli, Hellwig, and Tsyvinski (2023)
and Chabakauri, Yuan, and Zachariadis (2022). As in these papers, the con-
cavity in prices in noise trader demand implies that noise traders depress the
firm’s price. Note that the negative impact that noise traders have on price
augments the classic risk premium, so that the firm’s expected price falls short
of its expected cash flows.

14 For concreteness, we focus on the price given & = T', but the plot looks similar for other levels
of v.

15 The reason is that investors with CARA preferences exhibit prudence (since u” > 0) and
therefore have a distaste for negatively skewed payoffs (e.g., Eeckhoudt and Schlesinger (2006)).
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Next, consider the probabilistic information benchmark. Panel B of Figure 5
illustrates that, in this case, the nondisclosure price is convex in noise trader
demand for intermediate levels of this demand. This result can also be traced
back to investor preferences for skewness. In this case, the firm’s cash flows
are not bounded above: nondisclosure can arise either because the manager
is informed but the cash flows are low, or because the manager is uninformed
and the cash flows are unbounded. As a result, payoffs can exhibit positive
skewness conditional on nondisclosure—even though the price is low, there is
a possibility that the payoff is very high. This implies that investors demand a
large price compensation (increase) for short positions when noise traders buy.

When the distribution of noise trade is concentrated on the region in which
the price function is convex, the expected price exceeds expected cash flows
given nondisclosure, so that voluntary disclosure is positively associated with
the cost of capital. However, formally proving part (ii) of Proposition 5 is more
nuanced, since the price is not globally concave or convex. 6 The condition that
k is sufficiently small in Proposition 5(ii) ensures that standard risk-premium
effects do not overwhelm the overvaluation that noise trade creates. As in tra-
ditional noisy rational expectations models, an increase in the aggregate sup-
ply of the risky asset lowers the expected price.

It is worth noting that the excess valuation results in Proposition 5 arise
even in the absence of investor private information, since they rely only on in-
vestors’ risk preferences and their (perceived) conditional distribution of pay-
offs, given nondisclosure, and noise trading. In fact, as we illustrate in Figure 6,
the magnitude of over/undervaluation increases with the noise in investors’
private information, since this exposes investors to greater uncertainty about
the firm’s payoffs.

Specifically, Figure 6 plots how excess valuation conditional on nondisclosure
varies with model parameters for the costly disclosure benchmark (solid line),
the probabilistic information benchmark (dashed line), and a setting in which
both frictions are present (dotted line). Consistent with intuition, the plots
show that the magnitude of misvaluation increases with prior uncertainty o,
noise in investors’ private information o,, and noise trading volatility o,. More-
over, the relation between valuation and the firm’s supply « is in line with the
standard risk premium effect. Since risk-averse investors have to bear more
aggregate risk in equilibrium as « increases, firm valuation decreases with
k. For sufficiently large «, the standard risk premium ultimately dominates
the overvaluation that noise trade creates in the probabilistic information
benchmark.

16 Qur proof of the above result relies on an argument based on the “minimum principle” of
Guttman et al. (2014) to demonstrate that noise trade tends to raise valuations. Intuitively, the
minimum principle implies that, absent private information, the equilibrium disclosure threshold
minimizes the nondisclosure price over all potential thresholds. Moreover, the price expression
(6) reveals that, on average, noise trade has the same effect on price as creating random vari-
ation in the disclosure threshold. This can lead to higher prices on average and, consequently,
overvaluation.
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Figure 6. Excess valuation. The figure plots the firm’s expected price less its expected cash
flows conditional on nondisclosure E[Pyp — 9|ND] as a function of o, and «. The solid line corre-
sponds to the costly disclosure benchmark (¢ = 0.75, p = 1), the dashed line to probabilistic infor-
mation benchmark (¢ = 0, p = 0.95), and the dotted line to a setting with both frictions (¢ = 0.25,
p = 0.95). The other parameters are o, = 1, 0, = 0, = 2, T = 2, and « = 0.1. (Color figure can be
viewed at wileyonlinelibrary.com)

Given that the firm’s price and cash flows are aligned when the firm dis-
closes, Proposition 5 immediately implies that voluntary disclosure is nega-
tively associated with its cost of capital in the costly disclosure benchmark,
but may be positively related to its cost of capital in the probabilistic informa-
tion benchmark. Importantly, these results hold even when the firm’s supply is
zero, so that the disclosure does not have any direct effect on the risk premium,
which is consistent with the disclosure concerning a firm’s idiosyncratic cash
flows.!” This result contrasts with analyses of mandatory disclosure, which
find that disclosure has no impact on the cost of capital when the firm is in zero
supply (e.g., Hughes, Liu, and Liu (2007), Goldstein and Yang (2017)), and can
help reconcile mixed evidence in different empirical settings. We discuss this
further in Section VI.

17 Intuitively, a low value of x should apply broadly to individual stocks when (i) voluntary
disclosure is about firm-specific information and (ii) investors are well diversified, since any indi-
vidual stock is a small component of an investor’s portfolio. However, formally establishing this
is beyond the scope of the current paper, since it involves solving a model of voluntary disclosure
with multiple firms.
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V. Public Information and the Probability of Disclosure

The impact of public information on voluntary disclosure is critical to as-
sessing the efficacy of disclosure regulations, as it determines their effect on
the overall level of information available to market participants. As we dis-
cuss in Section VI, an extensive empirical literature studies this relationship,
but documents mixed evidence. The ambiguous nature of this evidence, and
in particular the finding that, in some cases, public information is associated
with greater voluntary disclosure, is at odds with traditional models of dis-
closure. These models suggest that public information either crowds out dis-
closure (e.g., Verrecchia (1990)) or leaves it unchanged (e.g., Jung and Kwon
(1988)). Moreover, in standard models with informed investors, disclosure is
usually modeled as a nondiscretionary commitment to release a public sig-
nal to the market. In these settings, better external information also tends to
crowd out disclosure when both types of information concern the same dimen-
sion of fundamentals.!®

We next study how public information affects voluntary disclosure when
investors also have access to private information. We show that considering
such private information can help explain why public information may, under
some circumstances, lead to more voluntary disclosure. To do so, we extend our
benchmark model to allow for a mandatory (nonstrategic) ex ante public signal
y that is revealed on datet =1,

J=0+1, (16)

where 77 ~ N(O, onz) is independent of all other random variables, including
whether the manager is privately informed about cash flows.

Note that because the disclosure arrives at date ¢ = 1, the manager observes
the outcome of the public signal before making his disclosure decision. ' While
this assumption is made primarily for tractability, empirical evidence sug-
gests that this is a realistic feature of prominent voluntary disclosures. For
instance, Beyer et al. (2010) find that, on average, management earnings fore-
casts generate significantly larger price reactions than earnings. This suggests
that managers are aware of much of the information in forthcoming earnings
when deciding whether to provide a forecast. In Appendix A, we consider how
introducing a public signal that arrives after the voluntary disclosure decision
is made affects our results. We show that our equilibrium characterization
extends naturally to this case and find numerically that our results in this
section are robust.

We begin by generalizing our equilibrium characterization to incorporate the
public signal.

18 See, for example, Diamond (1985). See also Goldstein and Yang (2017), who discuss when this
finding might not hold in such models.

19 Our results would not change if the manager knows the public signal’s outcome when disclos-
ing, but this signal arrives after the voluntary disclosure.
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52
p

PROPOSITION 6: Suppose that p = 1 and/or é +

fix a realization of y =y. Then there exists a unique equilibrium in which the
manager discloses if and only if 0 > T'(y). The equilibrium threshold satisfies

is sufficiently small, and

T(y) —c = E[Pxplo =T®¥).5 =y]. (17
where

p®<T@)_ZZ(U‘Z’y))PI(U’ z,y)+ (1 — p)PU(U, z,y)

Pyp(v,2,y) = , (18)
pq)(T(y)—ii/(v,z,y)> +1 —p
0_2
Py(,z,y) = fuidi + ?S(z — k), (19)
Pi(v,2,y) = Py, 2,y) — osh(T(y) _IZU(”’Z’”) (20)

and investor beliefs are given by

-1
e o 1 1 1 1 y S 3
ﬁizE[vw,si,sp]:<6—2+—2+—+—2) <l+—‘+—’”>, (21)
U

o2 o2 o} o2 o of
1 1 1 1\
ol =varloly. 8.5l = | 5+ 5 +5+—=] . (22)
O'U Un GS Op
2
where 0’3 = ”fj 2=. Moreover, the equilibrium threshold T (y) satisfies

T(y)=T(O)+ E[0ly =y] (23)

and is increasing in y.

This proposition clarifies the public signal’s impact on the equilibrium out-
comes. In particular, equation (23) shows that the equilibrium threshold in-
creases with expected cash flows given the public signal and thus increases
in the signal. Intuitively, when expected cash flows are greater, the price given
nondisclosure rises, which discourages disclosure. However, we next show that,
as in standard models (e.g., Einhorn (2005)), the realization of such a signal has
no impact on the probability of disclosure. An increase in the signal not only
raises the threshold, but also increases the likelihood that the firm’s value ex-
ceeds a given threshold. These two forces have precisely offsetting impacts on
the probability of disclosure.

LEMMA 2: Fix a realization of the public signal y = y. Then the probability of
disclosure in equilibrium Pr(G < T'(y)|y) does not depend on the realization y of
the public signal.
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Given the above observation, the following result characterizes the impact
of public information on the probability of voluntary disclosure in our setting.

PROPOSITION 7: More public information can crowd in voluntary disclosure:
(i) In the costly disclosure benchmark (i.e., p =1, ¢ > 0), an increase in the
precision of the public signal increases the probability of disclosure when 6_12 +

é > le\y] and disclosure is sufficiently expensive.

(it) In the probabilistic information benchmark (i.e., p <1, ¢ =0), when in-
vestors’ private information is not too precise, there exists a range of values of
public information precision such that an increase in the precision of the public

signal increases the probability of disclosure.

To gain intuition, it is helpful to focus on the case in which x = 0 and express

the nondisclosure price as follows:2°

posd ( T(V)—l{';zsz(v,z.y))

p¢<%s<vz,y>> 1o (24)

Pyp(v,z,y) =Py(v,2,y) —

That is, the nondisclosure price can be written as the price if the manager were
uninformed, Py (v, z,y), less a “discount” that reflects investors’ inference from
nondisclosure. Since the probability of disclosure is independent of j, we can
focus on the case in which y = 0. The effect of public information on volun-
tary disclosure is determined primarily by how it impacts the threshold firm’s
expected price when it does not disclose, E[Pyp(T(0), Z, 0)].2! Equation (24)
demonstrates that this expected price depends on ¢, through its impact on
os; and Py. Let T(oy, Py) denote the nondisclosure price Pyp(T'(0),2,0) as a
function of these two components. Moreover, let I1:_y(os, Py) = Pyp(T(0), 0, 0)
denote the price in the hypothetical alternative in which 2 is fixed at zero.
Then, differentiating and adding and subtracting terms, we arrive at:

IE[Pyp(T(0),2,0)] _ dE[M(os, Py)]

25
do, do, (25)
0z do; +E oIl 9Py (T(0),2,0) n JE[IT — IMz_¢] dog
o5 doy Py do, o do,
Standard channel Substitution channel Valuation channel

20 When « > 0, an additional channel arises: greater public information lowers the risk pre-
mium given nondisclosure and thereby increases the nondisclosure price (as in Dye and Hughes
(2018)). This tends to push toward public information crowding out disclosure. This effect does not
change any of the intuition we provide below and is accounted for in our proofs.

21 Because E[Pyp(T, 2, 0)] increases in the disclosure threshold, the implicit function theorem
implies that —1 times this derivative determines how the equilibrium disclosure threshold changes
with respect to o,. However, the complete argument in Appendix A further accounts for the fact
that a change in public information quality also changes the likelihood that the firm’s value falls
below a given threshold.
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This equation reveals that better public information affects the firm’s incen-
tives to disclose via three channels.
Standard channel. The first channel, which is captured by

0l o
dog 0oy
rectly analogous to standard disclosure models: greater public information re-
duces investor uncertainty, which attenuates the negative inference investors
draw from nondisclosure (e.g., Verrecchia (1990)). This raises the nondisclo-
sure price, discouraging disclosure. Equation (24) shows that, holding fixed
Py, o, affects Pyp purely through the nondisclosure “discount.” Thus, 2= 9%

dos  doy,

is di-

captures the impact of o, on this discount. %2
Substitution channel. Second, as public information improves, investors
place relatively less weight on their private signals. We refer to this as the

substitution channel. This effect is reflected in the model via E [83711 w .

Intuitively, Py (T(0), 2, 0) captures the aggregation of investors’ beliefs that is
reflected in the nondisclosure price, and 5’7‘} reflects how strongly the nondis-
closure price varies in this statistic. Note that this substitution from private to
public information makes the nondisclosure price Pyp less informative about
the firm’s value. According to Proposition 4, this increases the firm’s incentive
to disclose in the costly disclosure benchmark and decreases the firm’s incen-
tive to disclose in the probabilistic information benchmark.

Importantly, the substitution channel cannot arise in settings in which in-
vestors do not have private information and, as such, is a distinctive feature of
our analysis. Recent empirical research on the feedback effect provides indirect
support for this channel. For instance, Jayaraman and Wu (2019) show that the
introduction of SFAS 131, which requires greater disclosure of segment-level
information by firms, led to a substantive decrease in the probability of in-
formed trade for affected firms. Similarly, using the staggered implementation
of EDGAR, Bird et al. (2021) and Goldstein, Yang, and Zuo (2023) argue that
greater access to public firm-level information led to crowding out of private
information acquisition by investors, which in turn affected firms’ investment
decisions (as evidenced by lower investment-price sensitivity). In our setting,
this substitution from private to public information by investors affects firms’
voluntary disclosure choices.

Valuation channel. Finally, better public information reduces the degree of
misvaluation in equilibrium—we refer to this as the valuation channel. Recall
that misvaluation is driven by the asymmetric risk borne by investors when
taking the other side of noise trader purchases versus sales. Thus, we can think
of the misvaluation expected by the threshold firm as its expected nondis-
closure price less the nondisclosure price it would receive in a hypothetical
alternative in which noise trade were instead fixed at zero, that is, E[IT —

221t is worth noting that this channel arises in irrespective of whether investors are privately
informed, and can arise even when investors are risk-neutral when disclosure is costly (e.g., Ver-
recchia (1990)). However, it does not arise when investors are risk-neutral in the probabilistic
information benchmark. See Jung and Kwon (1988), who show that prior uncertainty does not
influence the probability of disclosure in this setting.
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I1:_0].2% Figure 6 shows that misvaluation tends to increase with investor un-
certainty, and as a result, it tends to decrease in the precision of public infor-
mation.

The effect of this channel on the likelihood of voluntary disclosure depends
on whether the nondisclosure price exhibits over- or undervaluation. In the
costly disclosure benchmark, the valuation channel reduces undervaluation,
which reduces the benefit from disclosure for the firm. In contrast, the valua-
tion channel can reduce overvaluation in the probabilistic information bench-
mark, and thus increase the firm’s incentive to disclose information.

The overall impact of public information depends on the interaction of these
channels. In the costly disclosure benchmark, the substitution channel dom-
inates and thus public information crowds in voluntary disclosure when in-
vestor information is precise and disclosure costs are high. The condition on
signal precisions is intuitive: investors’ private and price information must be
sufficiently precise (relative to the uncertainty given public information) to en-
sure that their signals play a significant role in determining the equilibrium
price. Moreover, when disclosure costs are high, the disclosure threshold is
high, so that investors’ beliefs given nondisclosure, 6|0 < T, are approximately
normal. As a result, the nondisclosure discount (i.e., the second term in equa-
tion (24)) approaches zero, and the nondisclosure price approaches the stan-
dard linear price Py. This causes both the standard channel (which is driven
by Pyp — Py) and the valuation channel (which is driven by the nonlinearity
of Pyp) to approach zero. In turn, this implies that the crowding-out effect of
these two channels is attenuated.

In contrast, in the probabilistic information benchmark, we show that crowd-
ing in can arise due to the valuation channel. In particular, recall from Proposi-
tion 5 that the presence of noise trade causes the firm to be overvalued, that is,
E[IT — IT3—¢] > 0. Thus, better public information reduces overvaluation, which
in turn increases the marginal firm’s incentive to disclose. We show that this
effect can dominate the standard and substitution channels when investors’
private information is not too precise. Intuitively, when investors’ private infor-
mation is noisy, the substitution channel is muted, and, as shown in Figure 6,
the degree of overvaluation is larger.

For comparison, our next result establishes sufficient conditions for crowding
out to arise.

PROPOSITION 8: More public information can crowd out voluntary disclosure.

(i) In the costly disclosure benchmark (i.e., p =1, ¢ > 0), an increase in the
precision of the public signal decreases the probability of disclosure when dis-
closure is sufficiently cheap so that the probability of disclosure is more than %

1 1 1
and/or when > + o2 < arlopl®

23 This is only an approximate means of isolating the “valuation” channel in our model, which
is useful for conveying intuition. To fully remove noise trade from the model, we would let o2 —
0. However, this would not only remove any misvaluation, but also render the price perfectly
informative.
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(i) In the probabilistic information benchmark (i.e., p <1, ¢ = 0), when in-
vestors’ private information is sufficiently precise, an increase in the precision
of the public signal decreases the probability of disclosure.

The above result provides a natural analog to the sufficient conditions for
crowding in from Proposition 7. In the costly disclosure benchmark, recall that
we need high disclosure costs and sufficiently precise private information to
ensure that the substitution channel dominates both the standard channel
and the valuation channel and, consequently, generates crowding in. Part (i)
of the above result implies that relaxing either condition yields the opposite
result.

Similarly, part (ii) implies that in the probabilistic information benchmark,
public information crowds out voluntary disclosure when investors’ infor-
mation is sufficiently precise. This is because, as illustrated in Figure 6,
overvaluation is small when investors’ private information is very precise,
and so the valuation channel is weak. Thus, the substitution channel dom-
inates, so that more informative public information decreases voluntary
disclosure.

It is worth noting that while both the standard channel and the valuation
channel arise even in the absence of investor private information, the substi-
tution channel does not arise when all investors are uninformed. This implies
the following result.

COROLLARY 1: Suppose investors do not have private information, that is, o, =
00.

(i) In the costly disclosure benchmark (i.e., p =1, ¢ > 0), more public infor-
mation always crowds out voluntary disclosure.

(i) In the probabilistic information benchmark (i.e., p < 1, ¢ > 0), more pub-
lic information can crowd in or crowd out voluntary disclosure.

In the costly disclosure benchmark, more public information reduces the
manager’s incentives to disclose through both the standard channel and
the valuation channel, since undervaluation decreases. This implies that in
the absence of investor private information, crowding in cannot arise in this
benchmark. However, in the probabilistic information benchmark, the absence
of private information does not rule out either crowding in or crowding out. In
this case, whether public information increases or decreases the likelihood of
voluntary disclosure is driven primarily by the valuation channel. When the
price exhibits overvaluation (e.g., when « is low), public information tends to
crowd in voluntary disclosure; when the price falls short of expected cash flows
(e.g., when « is relatively high), it tends to crowd out voluntary disclosure in-
stead.

Figure 7 provides a numerical illustration of our results where we plot the

probability of voluntary disclosure as a function of public information qual-
o
oZ+o7’

noise” ratio of the public signal ¥ with respect to the fundamental 0, that is,

ity. Our measure of public information quality, captures the “signal-to-

85U8017 SUOWILIOD 3A1Ie.D) 8|qedl|dde 8Ly Aq peusenob 8. sajole YO ‘8sn Jo S8in1 10} ARIg1T 8UIIUO A1 UO (SUOHIPUOD-PUB-SWB)LLIOD A8 | 1M Afe.q||BulUo//:Sty) SUORIPLOD pue SWB L 8U1 89S *[£202/2T/92] Uo Ariqiauljuo A8 (1M eluiodifeD JO AiseAIUN AQ 96ZET  HOITTTT OT/I0pAL00 A8 | im ARe.q iUt |uo//Scny Woay papeojumod ‘0 ‘T9Z90vST



28 The Journal of Finance®

Panel A. Costly Disclosure Benchmark Panel B. Probabilistic Info Benchmark
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Figure 7. Probability of disclosure versus information quality. The figure plots the proba-
bility that the manager discloses in the costly disclosure and probabilistic endowment benchmarks
as a function of public information quality, defined as the signal-to-noise ratio of the public signal
2
Iy
01;2+Un2 '
linelibrary.com)

Other parameters are t = 1, « = 0.1, and o, = 1.5. (Color figure can be viewed at wileyon-

it captures % Panel A illustrates that in the costly disclosure benchmark,

public information crowds in voluntary disclosure when disclosure costs are
sufficiently high and public information quality is relatively low, or equiva-
lently, private information precision is relatively high. Panel B illustrates that,
in the probabilistic information benchmark, the crowding in effect is quite ro-
bust, but it is strongest when public information quality is high. Finally, Panel
C suggests that when both frictions are present, crowding in can arise for a
wide range of parameters. Taken together, these plots suggest that public in-
formation crowding in voluntary disclosure is a robust feature of our setting,
in contrast to traditional models of voluntary disclosure without privately in-
formed investors.
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Figure 8. Overall informativeness versus public information. The figure plots the expected
posterior variance E[var[§|y, P, A]]l as a function of the amount of public information, defined as

2
Ty

the signal-to-noise ratio of the public signal Other parameters are set tox = 0.1, 7 = 1, and

(71,2 02"
oy, = 1.5. (Color figure can be viewed at wileyonlinelibrary.com)

A. Ex Ante Public Information and Overall Market Informativeness

We next consider how a change in ex ante information quality influences
overall market informativeness. We measure overall market informativeness
as the posterior variance of payoffs conditional on the publicly available infor-
mation, that is, E[var[5|y, P, All, where A € {D, ND} indicates whether there
is voluntary disclosure, P = Pyp when A = ND, and P = v when A = D. This
analysis is particularly useful from a policy perspective because it speaks to
how a change in mandatory disclosure affects the average amount of informa-
tion available to an uninformed rational investor.?*

Figure 8 illustrates how overall market informativeness changes with pub-
lic information quality. Panel A shows that better ex ante public information
reduces overall informativeness when disclosure costs are low and the pub-
lic signal is not very precise. This implies that the crowding-out effect that
mandatory disclosure has on voluntary disclosure can be sufficiently strong
to cause disclosure mandates to be counterproductive. However, overall infor-
mativeness increases with public information quality in the costly disclosure
benchmark when disclosure costs are sufficiently high or when public informa-
tion quality is high.

In contrast, Panel B shows that public information has a robust positive
impact on overall informativeness in the probabilistic endowment benchmark,
and has the largest impact when there is more uncertainty about whether
the manager is informed (i.e., p is closer to 1/2). This is intuitive—the public

24 We find similar results when we examine the information available to an informed investor,
Elvar[5|5;, 7, P, All or the relative uncertainty faced by an uninformed versus an informed investor,
Elvar[o|y, P, Al] — E[var[d|s;, 7, P, All. Thus, our results also speak to regulatory objectives to re-
duce the uncertainty faced by investors at large and to “level the playing field” among investors.
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signal is not only informative about the fundamental payoff v, but also helps
reduce uncertainty about whether the manager is informed when there is no
disclosure. ?° Taken together, these results suggest that changes in mandatory
disclosure can have different effects on overall informativeness across firms,
depending on the interaction between investors’ private information and the
firm’s incentives to disclose.

VI. Empirical Predictions

In this section, we discuss the empirical predictions of our model in two
steps. The key takeaway of our analysis is that the nature of the friction that
drives nondisclosure is critical for understanding how voluntary disclosure in-
teracts with liquidity, price impact, valuation, and public information. Thus,
we first suggest approaches to identify the underlying nondisclosure friction in
Section VI.A. Next, having identified the primary friction for a given firm, we
discuss specific testable predictions of our model in Section VI.B.

A. Identifying the Friction Driving Nondisclosure

An important initial step in testing our model’s implications is to identify
the friction that leads a manager to refrain from disclosing in a given em-
pirical setting. Existing empirical studies that examine settings in which it
is readily apparent that managers possess information (i.e., p = 1) fit into
the costly disclosure benchmark we consider. For example, prior literature
shows that firms frequently redact information from contracts that they are
required to present in their Securities and Exchange Commission (SEC) filings
(Verrecchia and Weber (2006), Boone, Floros, and Johnson (2016)). This work
argues that proprietary costs drive nondisclosure because it is clear that man-
agers are aware of information they redact.

Berger and Hann (2007) study managers’ tendency to withhold segment-
level performance. As internal accounting systems enable managers to observe
the breakdown of their performance into segment-level earnings, the authors
argue that agency and proprietary costs lead managers to withhold in this set-
ting. Relatedly, Gow, Larcker, and Zakolyukina (2021) find that in conference
calls managers sometimes refuse to answer questions that ask for monetary
amounts, locations, and times, and attribute this to an unwillingness to reveal
proprietary information. Prior literature also studies firms’ decisions to patent
technologies that they are known to possess, as Regulation S-K requires them
to disclose the presence (but not specifics) of such technologies (Glaeser (2018),
Saidi and Zaldokas (2021)).

In other settings, consistent with our probabilistic information benchmark,
disclosure costs may be minimal and it may be unclear to investors whether

25 Recall that an informed manager discloses only when they possess sufficiently good news,
and thus a high realization of y together with nondisclosure is indicative of the manager not
being informed.
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managers possess verifiable information. For instance, proprietary costs are
likely to be negligible for firms that enjoy secure monopoly power or for firms
in highly competitive industries, as these firms’ performance is not relevant to
their peers’ production decisions. Relatedly, proprietary costs may be low for
firms with highly differentiated products. The pharmaceutical/bio-technology
industry is a salient example. Firms in this industry invest in research and
development (R&D), such as clinical trials, that if successful provides them
with monopoly power. Thus, disclosing positive outcomes likely does not impose
competitive costs on these firms. Moreover, the outcome of such R&D often
produces verifiable results with large implications for firm value that arrive at
unknown times (Dobson (2000)). Hence, managers’ information endowments
in this industry at any point in time are likely unknown.2%

B. Predictions Conditional on Nondisclosure

Having determined the primary friction driving nondisclosure (as discussed
above), our analysis delivers new empirical predictions.

Market liquidity and the prevalence of voluntary disclosure. Proposition 4
predicts that the frequency of disclosure is negatively related to measures
of illiquidity and price informativeness in the costly disclosure benchmark,
but is positively related to these measures in the probabilistic information
benchmark. 27 While most existing empirical work focuses on the impact of
voluntary disclosure on liquidity, a small body of work studies how liquidity
affects disclosure. Boone and White (2015) find that index ownership, which
one might interpret as raising market liquidity, leads managers to issue addi-
tional, more specific forecasts. Similarly, Jayaraman and Wu (2020) find that
transitory nonfundamental shocks are associated with more frequent capex
forecasts. These studies provide suggestive evidence consistent with the costly
disclosure benchmark, although our results call for additional analysis of the
two-way interaction between liquidity and voluntary disclosure.

Valuation, disclosure, and the cost of capital. Proposition 5 implies that firms
in which nondisclosure is driven by costs to disclosing tend to be under-valued
and should generate higher expected returns. This result is broadly consistent
with evidence in Boone, Floros, and Johnson (2016) that firms that redact in-
formation from their IPO filings tend to experience substantial underpricing
and higher costs of capital. As the manager is known to be informed about
the information they redact from a contract, this is clearly a case in which the
manager’s decision not to disclose is driven by proprietary costs.

In contrast, firms in which nondisclosure is generated by uncertainty
about whether the manager is informed may be overvalued and should gen-
erate lower average returns. This runs counter to the common intuition

26 For example, a 2014 analysis found that four years after 400 randomly selected trials finished,
30% of them had not disclosed their results (Saito and Gill (2014)).

27 Though imperfect, a number of empirical measures can be used to capture illiquidity
(e.g., Amihud (2002)) and price informativeness (e.g., Davila and Parlatore (2021)).
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from existing models that more disclosure leads to a lower cost of capital
(e.g., Dye and Hughes (2018)). However, it is consistent with empirical evi-
dence showing that firms that refrain from providing guidance or that receive
low analyst disclosure scores earn lower expected returns, even after control-
ling for standard risk-factor exposures (Lev and Penman (1990), Jiang, Xu,
and Yao (2009), Zhou and Zhou (2020)). Jiang, Xu, and Yao (2009) further
show that this helps explain the “idiosyncratic volatility puzzle.” The reason
is that nondisclosing firms experience higher volatility than disclosing firms.
This finding is also consistent with our model: if the firm discloses, market
liquidity rises sharply and hence return volatility declines. 28

Together with the link between disclosure and skewness discussed in Sec-
tion IV.B, these results also lead to a negative relation between idiosyn-
cratic skewness and expected returns (e.g., Jiang, Xu, and Yao (2009), Conrad,
Dittmar, and Ghysels (2013), Boyer and Vorkink (2014)). This is similar to the
results in Albagli, Hellwig, and Tsyvinski (2023) and Chabakauri, Yuan, and
Zachariadis (2022).

Impact of public information on voluntary disclosure. Regulators often moti-
vate disclosure requirements as a means to mitigate adverse selection across
investors and “level the playing field.” While a standard critique of such
policies is that they crowd out voluntary disclosure by firms (e.g., Verrec-
chia (1990)), the empirical evidence is mixed. Some papers suggest that
firms increase voluntary disclosure to mitigate reductions in external infor-
mation quality (e.g., Balakrishnan et al. (2014), Guay, Samuels, and Taylor
(2016), Barth, Landsman, and Taylor (2017)), but others argue that public
information and voluntary disclosure are positively correlated (e.g., Francis,
Nanda, and Olsson (2008), Bischof and Daske (2013), Kim and Ljungqvist
(2023)).

Our analysis helps reconcile this evidence. As illustrated by Figure 7, when
nondisclosure is driven by disclosure costs, mandatory disclosure complements
voluntary disclosure if disclosure costs are high (so that voluntary disclosure
is infrequent) and investor information is sufficiently precise. When nondis-
closure is driven by uncertainty about the manager’s information, mandatory
disclosure crowds in voluntary disclosure if investor information is sufficiently
imprecise.

In contrast, mandatory disclosure substitutes voluntary disclosure and can
increase residual uncertainty when disclosure costs are low and managers are
likely to be informed. Such settings can be readily identified, as they corre-
spond to situations in which managers are likely to issue informative volun-
tary disclosures in the absence of regulation (as appears to be the present state
of ESG reporting; see Kwon et al. (2018)).

28 In our model, since the manager’s disclosure reveals cash flows perfectly, volatility after dis-
closure is zero. In practice, since the manager’s disclosure is likely to be noisy, we expect volatility
after disclosure to be lower to the extent that disclosure reduces the uncertainty investors face
about cash flows.
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VII. Conclusions

Standard voluntary disclosure models assume that investors do not have ac-
cess to private information. We show that this assumption is an economically
important restriction, and relaxing it has novel implications. A key takeaway
of our analysis is that the friction driving nondisclosure has important impli-
cations for how investors’ private information affects voluntary disclosure and
the overall information content of prices. When disclosure costs drive nondis-
closure, the probability of voluntary disclosure decreases with illiquidity and
price informativeness, average prices are lower than expected cash flows, and
voluntary disclosures are negatively associated with firms’ costs of capital. In
contrast, when investors face uncertainty about whether the manager is in-
formed, voluntary disclosure can increase with illiquidity and price informa-
tiveness, average prices can be higher than expected cash flows, and voluntary
disclosures can be positively associated with firms’ costs of capital.

Our analysis also has important implications for regulatory changes that
affect the public information available to investors. Contrary to standard in-
tuition, we show that ex ante public information can crowd in more voluntary
disclosure, especially when firms face high disclosure costs or when investors
face substantial uncertainty about firm payoffs. As such, increasing mandatory
disclosures may actually increase voluntary disclosure by firms and improve
overall informativeness, in contrast to the standard criticism against such
regulations.

Our model is stylized and may be extended along several dimensions. For
instance, investors and the manager are endowed with information in our
model. It would be interesting to study how the interaction between disclosure
and trade affects both parties’ incentives to acquire information. In traditional
models of costly disclosure, the manager usually prefers to commit not to ac-
quire information (ex ante) because disclosure is costly but has no impact on
real decisions (e.g., investment). However, as we discuss in Section IV.B, our
analysis implies that managers may find it valuable to acquire information
with some probability, since the possibility of voluntary disclosure can lead to
overvaluation on average. Similarly, while a model of endogenous information
acquisition by investors is not immediately tractable, we expect some of our
results to extend to this setting. For instance, to the extent that more public
information crowds out private information acquisition, it is likely to crowd in
voluntary disclosure as in our current model.

Our model assumes that the manager cannot commit to a disclosure policy
ex ante. In a complementary paper, Cianciaruso, Marinovic, and Smith (2023)
study the optimal disclosure policy with commitment. In the class of threshold
strategies, they show that the firm prefers to commit to a “recognition” policy
that involves disclosing bad news (below a threshold) but withholding good
news. We expect the optimal disclosure policy to have a similar form in our
setting with privately informed investors so long as disclosure is not too costly.

Finally, we consider a model without real effects (e.g., production) or feed-
back effects. As an interesting extension, one could consider the possibility
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that managers use their disclosure policy to elicit information from the market
and inform their investment choices, similar to Lassak (2020)’s analysis in a
single-investor setting. Alternatively, one might consider how voluntary disclo-
sure influences the incentives of managers to invest, as in Ben-Porath, Dekel,
and Lipman (2018), when investors possess private information.
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Appendix A: Proofs

A. Proof of Proposition 1

To begin, as in the text, let o) =varls,|d] =

(0_12 + Giz + Ulz)—l, and f; =E[0]5),5,] = ag(j—g + j—’;). Moreover, let g(x)=
v & P & P

%62, o2 =varl0|s;, §,] =
E[GIND, fi; = x] denote investor j’s conditional expectation of firm value given
nondisclosure when §; and §,, are such that [i; = x. This function plays a cen-
tral role in the analysis and thus we begin by characterizing its properties.

LEMMA A.1: The function g(x) satisfies

o2
O.S

[ exp [—%(% + 0—13)02 + %v]f(mND)dv ’

(71{

o[ 43+ plrowman

glx) =

where f(|ND) denotes the probability density function (PDF) of firm value
given nondisclosure. Furthermore,

g) = ”ar[ﬁ'NfQ’ m=s] (A.2)

S

PROOF OF LEMMA A.1: To start, we derive investor j’s posterior distribution
over U given fi; and the event of nondisclosure ND, whose density function we
denote by f(vIND, ;). Note that filv ~ N(62(% + L)v, 02(4 + %)), and so

£ P € P

f(vIND, uj) « f (v, u;IND)
= f(u;lv) f(vIND)

X exp _— <Mj _ USZ(% i 713)1))2_ f(vIND)

[ 1/1 1 :
o exp ——<—+—2)02+Z—év f|ND),
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where the second line follows from the fact that the event ND is uninformative

regarding fi; conditional on ¥ (since, given 0, variation in fi; is driven only by
£¢; and 2). Since this density function must integrate to one, we have

exp [—%(G% + %)v2 + Z—S’gv]f(v|ND)

F(oIND, ;) = A3
( 2 [ exp [—%(6—12 + é)v2 + Z—;v] f(|ND)dv
Hence, for any integer & > 0,
o vbexp |3 ( 5 + L )P+ Sv|f(IND)dv
E[ﬁk|ND,ﬂJ:x]= [ 2( i 3) A ] . (A.4)
[ exp [—%(l + L)+ f?v]f(mND)dv

Substituting £ = 1, we obtain

[ vexp [—%(% + é)v2 + :?v]f(mND)dv

I

[exp[=3( + 2 )or + o foNDY

o]

gx) =

which proves the first part of the lemma (see Breon-Drish (2015) for proofs
that these integrals exist and that derivative-integral interchange is valid in
the derivations below). Next, differentiating the above equation, we arrive at

1 [ viexp [—%(U% + 0—13>v2 + (,iszv]f(wND)dv
gx) = o2 /% exp [_%(0_12 i é)lﬂ + ;?U]f(mND)dv

1 (([vesn [ (3 + )0 + Zo]fOINDI
a? [ exp [—%(i + 6—13>02 + ;‘?v]f(vWD)dv

Note from equation (A.4) that this implies

1
g@) = = |E[0IND. i; = x] = E[5IND. i, = 2]

S

var[6|ND, fi; = x]
= - .
O
We next apply this result to derive an investor’s demand.

LEMMA A.2: Investor j’s demand in the event of nondisclosure given the price
Pnp equals

D; = —[n;—g™ Bn)]. (A.5)
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PROOF OF LEMMA A.2: Since p; is a sufficient statistic for investor j’s signals
Sj, Sp, her demand satisfies

o0

D;= argmax—f exp {—%(y(ﬁ —PND))}f(leD, $j. Sp)dv
y .

o0

= arg max —/ exp {—%(y(ﬁ - PND))}f(U|NDv 1j)dv.
y —00

It is easily verified that this function is concave and thus the first-order con-
dition is sufficient for a solution. Applying equation (A.3) and Lemma A.1, the
first-order condition reduces as follows:

P _ [ vexp (—t'D;v) f(vIND, p;)dv
VP [ exp (-t 'Djv) f(vIND, p;)dv

~ [Z vexp [—%(% + 0—13>02 + (—% + Z—;ﬁ)v]f(leD)dv
B [72 exp [—%(U—lz ;13)02 + (—% + %)v]f(leD)dv

Now, as Lemma A.1 shows that g’ > 0, g is invertible, and so we can solve the
above equation to arrive at equation (A.5). |

We may now derive the firm’s price by applying the market-clearing condi-
tion:
1 o2
K=2 —I—/ Ddi & 2(k—2)= /uidi —g 1(Pyp)
0 T

0,2
< Pyp Zg(/uidi+Ts(Z—K)).

Substituting for 1; and o2 and applying the law of large numbers, we arrive at

1
1 1 1 S 8 z— .

PNDZg/<—2+—2+—2) |:—2+—l;+ K:|dl
ol o2 o} o2 o? T
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Note that, as conjectured, this takes the form of a generalized linear equilib-
rium, that is, Pyp = G(v + Bz), with

-1
1 1 1 1 1 p
Gx)=g <—2+—2+—2> |:<—2+—2>X——:| ;
o2 o o} 02 of T
1 1\ /g 1
08 Up Up T

Solving the second equation for g8 yields the unique solution 8 = ”72 This equi-
librium solution for 8 implies in turn that

0_2 — 054022
p 2’
and s, =v+ "T—Zz Furthermore, as Lemma A.1 shows that g'(x) > 0, we imme-
diately have that the price is monotonic in s,. Substituting and simplifying, we

have that the unique generalized linear equilibrium price satisfies

Pyp(v,2) = g(Py(v,2)) = E[0IND, i; = Py(v,2)], (A.6)

wherePy (v,z) = 02 [(Flg + é) (v + ”722) - 5] ) (A7)

T

To complete the proof, we show that the price expression (A.6) can be reex-
pressed as in the proposition. Note that the event of nondisclosure ND results
from either an informed manager who observed & < T or an uninformed man-
ager; denote the former event by I' = 1 and the latter by I' = 0. We then have

E[0IND, ii; = Py(v.2)] =Pr (' = 1laj = Py(v,2))E[0l0 < T, ji; = Py (v, 2)]+
Pr(I' = 0|4 = Py(v,2))Py(v,2). (A.8)

Note that Pr(0 < T|ij; = Py(v,2)) = QD(%Q(”‘Z)). Therefore, we can apply
Bayes’ rule to arrive at

) ) i pq><T—};i(v,z))
Pr(F =1|a; =Py(v,2)) =1-Pr(I' =0|a; = Py(v,2)) =

(A.9)
To explicitly derive E[3|7 < T, fi; = Py(v, )], we may apply the formula for the
mean of a truncated normal distribution, which yields

T —Py(v,2)

Os

IE[17|17 <T, pj= PU(v,z)] =Py(v,z) — ash< ) =P(v,z). (A.10)

p@(—T_};US(”‘Z)) +1- p.
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Substituting equations (A.9) and (A.10) into equation (A.8) yields the expres-
sion for price defined in the proposition

pq)<T—IZ(v.z)> (PU(U, z) — Ush<%i(v'z>)> 4+ (1 —p)Py(v,z)

Pyp = (A.11)
po(TEe) 11 p
([l
B. Proof of Lemma 1
Observe from equations (A.6) and (A.7) that
oP, , 1 1
S ®.2) _ opy(w, 20 w02 [ + = ). (A.12)
v o2 o}

Now, applying equation (A.2), we have

1
g Py, 2)) = ;var[mND, fij =Py(v,2)].

S

Substituting into equation (A.12) and simplifying, we have

dPnp(v, 2)

5o = var[oIND, i = Py(v,2)](var'[§;15] + var~'[5,0]). (A.13)

O

C. Proof of Proposition 2

Let W(T,2) =T — Pyp(T, 2; T'). Then E[¥(T, 2)] denotes the incremental pay-
off to the manager who observes 7 = T from disclosing, relative to not dis-
closing, when investors conjecture that the manager discloses if and only if
0 > T. We establish the proposition in three lemmas. Lemma A.3 states that,
under the conditions given in the proposition, if investors conjecture that the
manager discloses if and only if & > T', then his payoff to disclosing is strictly
increasing in firm value, that is, ai(v —c¢ — E[Pyp,Z; T)]) > 0. This implies
that if T solves E[W(T, 2)] = ¢, then T corresponds to a threshold equilibrium.
Next, Lemma A.4 states that E[W(T, 2)] strictly increases in T', and thus, when
a threshold equilibrium exists, it is unique. Finally, Lemma A.5 states that
there exists a T* such that E[W(T™*, 2)] = ¢. Together these lemmas imply that
T* corresponds to the unique threshold equilibrium.

LEMMA A.3: Suppose that p = land/or % + % < [02(1+ 1p(1 — p)]~L. Then,
Yu, T € R,

aa—v(v —c— E[Pvp(v,2;T)]) > 0.
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PROOF OF LEMMA A.3: We first argue that it is sufficient to show that

0Pnp(v,2;T)
_— <

Vu,z, T € R,
Jav

1. (A.14)

To see why this is sufficient, note that because £ ND;ZZ;T) =5 oF ND.SZ‘Z;T)

dition (A.14) implies that |Pyp(v,z; T)| is sublinear in z. That is, we have
|UiZPND(v, zT)p(2) < %Ad’(é” for some A € R that does not depend on z, and,
being the expectation of an absolute normal, ffooo |<71ZA¢(:_2)|d2 is finite. Thus, by
the dominated convergence theorem, when condition (A.14) holds,

9 Pz Ty = & /OO qu(i)dz <1

ov 0 J_ o ov o,

, con-

We proceed to show that condition (A.14) holds in each of the two cases stated
in the lemma.
Case I: p=1. Let

0 o2 ‘752 +02

Ay = —Pyv,2) = 5 ZU( 5 2p) 5 and (A.15)
v ooy +0; (08 + ap)
p 2 o2(0? + o2

p= P TGl ) (A.16)
dz T 0202+ 02(0?+02)

and notice that A, € (0, 1). Appealing to Proposition 1, we have that when p =
1, Pvp(v, z; T) reduces to

Os

Differentiating this expression with respect to v yields

aufren(FEERE) (A.17)

Os

It may be verified that the inverse-Mills ratio satisfies #2'(x) € (—1, 0) and thus
the above expression belongs to (0, 1).
Case 2: L + L < [062(1+ Lp(I1—p))]~!. Recall from expression (A.13) that

we have

oP, ;T 1 1
p.z: 1) _ (—2 + —2>Var[l7|ND, fij =Py(v,z)] > 0. (A.18)
av o o,
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Let I' = 1 when the manager is informed and I" = 0 otherwise. Then, applying
the law of total variance

var[0|ND, ji; = Py(v,2)] = Er{varr[0|",ND, ii; = Py(v, 2)]} (A.19)
+varr{Er[0|T', ND, fi; = Py(v, 2)]},

where the subscripts on the expectations and variances indicate that they are
taken over I' only. Applying the fact that the variance of a truncated normal
always lies below the prior variance, we have

Er{varr[0|[', ND, ii; = Py(v,2)]} (A.20)
po( TR var 515 < T iy = Pu(v.2)] + (1 - p)o?

<0g.

Next, applying the variance of a binary distribution, we have

varr{Er[0|[", ND, iij = Py(v, 2)]}
=Pr(I'=1IND, ij = Py(v,2)) Pr (I' = OIND, ii; = Py(v, 2)) *
[E[0|F = 1,ND, i; = Py(v,2)] — E[6| = 0,ND, fi; = Py(v,2)]}*

p(l— p)qD(TfPU(U,z))O.Zh(TfPU(v,z)>2
Os s Os
- 2
(po(T2e2) 41— p)
(T—PU(v,z)

p(l—p)ffffﬁ(%fw)z % )2 (A.21)

= <p(l-p)o}———~
q)(T_I?(U’Z)>(pd)(T_IZ/(U’Z)>+1 _p>2 s Q(%S(UZ))

It may be verified that ‘fégj is bounded above by % and thus the above expres-

sion is bounded over all realizations of v and z by p(1—Tp>af‘ Combining (A.19),
(A.20), and (A.21), we have

3PND(v,z;T)<OSZ 1. 1\, pP0=P <o 1 1) pd=py
ov o2  o? 2 o2 o} 2
which implies that, for % + 0—13 < [o2(1+ %p(l —p)l L, W €(0,1). O

LEMMA A.4: E[W(T, 2)] strictly increases in T. Thus, if a threshold equilibrium
exists, it is unique.

PROOF OF LEMMA A.4: We first show that, fixing any T € R, |W(T, z)a—lz¢(§z)|
is bounded above by an integrable function. Note that because A'(x) < 0, when
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T — Py(T,z) > 0, we have
oo (2222

p<D<T—P([r]5(T,z)) +1-— p

T —-Py(T,z)

Os

W(T.2)| =T — Py(T,z) +

<T—-Py(T,2)+ ash< ) <T —Py(T, 2) + o:h(0),

which is linear in z, and hence its product with the PDF of a normal distribu-
tion is integrable. Hence, |W(T, z)a—lz¢(j—z)| is integrableon {z : T — Py (T, z) > 0}.

To see that |W(T, z)alz¢(j—z)| is also integrable on {z : T — Py (T, z) < 0}, note that
for T — Py(T,z) <0,

T—Py(T,
poso (—f,’s( Z))

pq)(T—PgS(T,z)) +1 -p

|W(T,2) = |T —Py(T, z)+ < |T — Py(T, z)|,

which is also linear in z. Given these results, we may apply the dominated con-
vergence theorem to arrive at aiT]E[\IJ(T,é)] ]E[ 7W(T, 2)]. Now, absorbing T'
into the numerator of E[Pyp(T, Z; T )] and expressmg ElG0 < T, fij = Py(T, 2)]
in its integral form, we may write 5 \I/(T Z) as

LI ip[@(%f“))T T (D) o] + @ - pyT )
oT oT p@(%jhv 1o

(A.22)
Integration by parts then yields

T _ _ T —
/ 1(}5(0 PU(T,z)>dv _ Td><T PU(T,z)> _/ q)(v PU(T,z)>dU
—00 Os O O —00 Os

(A.23)
Note further that
/ <u — Py(T, z)> _ q)(T —PU(T,z)) B /T ﬁ¢<v —PU(T,z)>dv
3T Us -0 Gs US
=(1- AQ@(%), (A.24)

where A,, as defined in (A.15), belongs to (0,1). Applying equations (A.23) and
(A.24), we may calculate the derivative in expression (A.22) as follows:

ot g p S o(LLD)dy 1 (1 - p)(T - Py(T,2))
oT T qu(TngS(T,z)) +1-p
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2

S

— — T —
(- PU(T’Z))[pf d><””“”z)>du+(1—p>(T—PU<T,z>>]

Og o) s

i |:CD<T—PU(T,2)>2_1¢(T—PU(T,2)) fT @(T—Py(v,z)>dv:|
1-p O O O —x0 O
T —PU(T,z)> _p¢<T —PU(T,z)> T —Py(T.2)

Os

+1—p+2p<I><

S US

Note that the normal distribution is log concave, which implies that, Vx € R,
d(x)? — L¢x) [* ®()dv > 0 (Bagnoli and Bergstrom (2005)). We therefore
have

i\I/(T,z) >1—-p+2pd

T - Py(T, 2) T — Py(T,2)\ T — Py(T. 2)
T (o) ()

s Os Os

T -Py(T,2) p¢<%smz>)

o 1 . T-Py(T2)\ '
s 1—p+2pd —r=

When —T*Pg(“) < 0, this is trivially positive. When %@’2) > 0, we have that
it exceeds ‘

1 1T—PU(T,z)h T —-Py(T,z)
2 O oy )
This is positive since, Vx € R, xh(x) < 1. O

LEMMA A.5: There exists a T* € R such that E[W(T*, 2)] =c.

PROOF OF LEMMA A.5: It is easily seen that E[W(T, £)] is a continuous function
of T'. Thus, to prove the lemma, it is sufficient to show that

Tlim E[W(T.2)] <c < Tlim E[W(T, 2)]. (A.25)
To see that this holds, note that, applying equation (A.11), we have

p&( L) (Py(T, 2) — oh( T2L2) ) 4+ (1= p)Py (T, 2)

pq)(T—Pgs(T,z)) +1-p

V(T z)=T —
po_s¢(T(17Av )7(?:24»1’103;()

o . (A.26)
m(%) +1-p

=TA-A)—Az+ t’l(rfl( +
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Note further that lim,_, . % = 0. Combining this with the fact that
A, < 1, we have that W(T, z) converges pointwise in z to co as T' — oo. Note
further that, from the proof of the previous lemma, W(7T,z) is increasing in
T. Consequently, W(T,z) — ¥(0,z) > 0. Thus, we can apply Fatou’s lemma to

arrive at

lim E[W(T,2) — W(0,2)] > ]E[ lim W(T.2) - \I/(O,z”)] = .

T—o0

This verifies the second inequality in (A.25).
Next, to prove the first inequality in (A.25), applying the fact that A(x) > —x
as x — —oo, we have

. po) \_ ] 0 whenp=1,
xEIE},O (x + pd><x>+17p> - {—oo whenp € (0, 1).

Thus, when p € (0,1) (p = 1), W(T, z) converges pointwise in z to —oco (to 0)
as T — —oo. Applying Fatou’s lemma as above, this immediately implies that
when p € (0, 1), limp_, o, E[W(T, 2)] = —oo, which verifies that the inequality
holds in this case. Next, when p = 1, as in the proof of the previous lemma, we
may apply the dominated convergence theorem to interchange limit and expec-
tations to immediately arrive at limp_, _ E[W(T, 2)] = E[limp_, o, W(T, 2)] = 0.
Moreover, given the assumption that one of the disclosure frictions is always
present, we have that if p = 1, then ¢ > 0. Thus, we once have again verified
that the inequality holds. O

This completes the proof of Proposition 2.

D. Proof of Proposition 3

Because the distribution of v does not depend the parameters {c, p, «}, it is
sufficient to show that T increases in ¢ and decreases in p and «. Applying
the implicit function theorem for W(v, z) as defined in the proof of the previous
proposition, we obtain

-1
i| >0
v=T
-1 -
} E[aqf(T,z)]
v=T ap

1 Us¢<T—PU(T.2))
| )
L)

-1 -
:| IE[8\11(T,z)]
v=T dK

g _ ]E[ oV (v, 2)
dc ov

g _E av(v,2)
op v

<0

_ —E|: oV (v, 2)
ov

g _ ]E[ oV (v, 2)
oK ov
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ZE[axp(v,z) ]IE[B\II(U,é) *<_o_§ 1 )}:_ﬁ 1 o
v |,_p o |, p T 1-A, T 1-A,

E. Proof of Proposition 4

Note that the probability of disclosure depends on o, and o, only through T
(and decreases in T'). Thus, to prove this result, we characterize how T changes
with o, and o,. We start by deriving some preliminary results. Let

Ao 3 T-Py(T.2) _ 02(t? +020?)
- aT o5 1202 4+ 020202 + o2l
B 8 T-PyT2) _ 0202(t? + 020?)
dz o 1(t202 + 020202 + 020})’

so that % =A(T + (’T—”z/c) + Bz. Furthermore, let G,(x) = x + %’ so
that we may rewrite the equilibrium condition as

2
]E[GP<A(T + “—UK) +Bz)} ~foo.
T 0
The implicit function theorem yields that

v E[(T+%0)2+22)0, ]+ 5l
do. AE[G)]

BE[2G,] + (T + 20 )E[G,] + & 2
AE[G,]

’

where G;, is evaluated at A(T + “7”2/() + Bz. Since A > 0 and E[G},] > 0, we have

oT 0B o2 \ 0A ¢ do.
——E[2G)] - (T + =~ E[G)] - = —
90, x d0, [Z p] ( + T K) 9o, [ p] o2 9o,
Applying Stein’s lemma, this simplifies to
oT 0B o? | 0A ¢ do.
——Bo’E[G"] - (T + E[G ] - = —. A.27
90, * a0, % [ p] < + T K) 90, [ p] o2 do; ( )

Note that we can write the equilibrium condition as

o2 - c
E|G,(A(T + %« )+ Bo,¥ || —— =0,
P T s
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where ¥ ~ N(0, 1). The implicit function theorem then yields

o2 0 d(Bo;) 3 / d0s
o S[((r+ )8+ 00)e,]

a0, AE[G),]

0(Boy) .~ o2 \ 0A ¢ 0oy

- E[0G |- (T + % E|G | - ——,

x 0, [ p] ( + T 90, [ p] o2 do,

so that, again applying Stein’s lemma,
oT d(Bo) o2 | 0A ¢ 00y

— Bo .E|G/| - (T + 2 E|lG| - ——. A.28
90, < 90, @ [ p] ( + T 90, [ p] o2 do, ( )

We next use expressions (A.27) and (A.28) to prove both parts of the
proposition.

Part (i). Note that for p = 1, we have G,(x) = x + h(x) and so lim,_, G;;(x) =
lim,_, . A"(x) = 0. Note further that lim,_,.. T' = co. Now, as 2" is bounded, we
may interchange the limit and integral to obtain

2
lim E[G;;] = ]E[h”(Tlim (A(T + a—”K) +Bozz§>>] =0.
c—>00 oo T

Furthermore, it is straightforward to verify that ‘a’% g% > 0 and
9A 0,0,0.(21% + 020?) 0
_ = > s
do.  (02(c2+ 022052) + 0202)3/2
0A 20,02 -0

90, (02(c% + 0202) + 0204)32

Combining these results, we can sign the limits of expressions (A.27) and (A.28)
asc — oo:

T 2\ 9A ad
lim -— o — lim (7 + 22k ) == E[G,] - lim — = <0,
c—o0 Jo, c—00 T do, p c—>00 032 d0o,

T 2\ 0A 3
lim =— o — lim (T + 22« ) 22E[G,] — lim — 22 <0,
c—00 90, c—00 T o p c—>00 o's2 do,

Part (ii). Beginning with the comparative static on o, note from expression
(A.27) that

T .. oB . o2 \OA_
o lim (—G—%GZZE[G},] - (T + ?K) BUSE[GPD

0.—0 00, o.—0

. 0AN( .. AN OB _ , o o2 )
(a5 ) (im { 5n) “somrstcrns (e Fefoten))

85U8017 SUOWILIOD 3A1Ie.D) 8|qedl|dde 8Ly Aq peusenob 8. sajole YO ‘8sn Jo S8in1 10} ARIg1T 8UIIUO A1 UO (SUOHIPUOD-PUB-SWB)LLIOD A8 | 1M Afe.q||BulUo//:Sty) SUORIPLOD pue SWB L 8U1 89S *[£202/2T/92] Uo Ariqiauljuo A8 (1M eluiodifeD JO AiseAIUN AQ 96ZET  HOITTTT OT/I0pAL00 A8 | im ARe.q iUt |uo//Scny Woay papeojumod ‘0 ‘T9Z90vST



46 The Journal of Finance®

Note further that, because % > 0, 7 is positive for small o, if and only if
the second term in the product above has a limit that is negative. Simplifying,
we obtain lim,, _o(2% 04 y-1 "B BB = 7 so that lim,, o( "f; )1 %BUZQE[G;] is finite.

Next, note that the equlhbrlum condltlon when ¢ = 0 yields

2 _ . pop( -T2
E[Gp(A<T+?K>+BZ~>:|:O<:>E|:T PU(T’Z)+ ( - ) =0.

Fixing x € R, we have lim,, ’# = —Z and thus
pé (—i)
i > 0.

Iim E[W(x,2)] =E
00 p@(——) +1-p

Since W(x, £) increases in x, this implies that as o, — 0, the equilibrium thresh-
old T that solves E[W(T, 2)] = 0 must approach —oc. Thus, since E[G] > 0, we
have that

2
lim {(T + O——UK)E[G;)]} = o0, (A.29)
o,—0 T

which completes the proof that the probability of disclosure decreases in o, for
small o.. Moving to the result on o,, note from expression (A.28) that when
c=0,

. oT . dBo) . ., o2 \ oA .
tim oo lim {26 - (74 ) Sl
. 8A . 8A - a(BGZ) 7" O.U2 /
- (o) (m G ) st (i)
Again, because % > 0, % will be positive for small o, if and only
if the second term in the product above has a limit that is nega-
2
tive. Note that hmaﬁo(aA) 1"’(B”z)B = 2% and that G/, is bounded, so

lim,, 0 (BA) 1 a(B"Z)Bcrz E[G}] is ﬁmte Applying equation (A.29) completes the

proof that the probablhty of disclosure decreases in o, for small o,.
O

F. Proof of Proposition 5
Part (i). Since E[Z] = 0, we can write the expected price given nondisclosure,
IE[PNDW < T], as

E[Pyplé < T] = E[Py(©,2)5 < T] - o@[h(w>|ﬁ < T}

Os
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T — [ fdi — @ — k)
:fIE[;li|ﬁ<T]di—os]E[h( R >|6<Ti|.
i Os
(A.30)

We may now write the firm’s expected value conditional on nondisclosure as
E[po < T = E{E[0]6 < T.§;,5,]I6 < T}
=E[4,10 < T] - osE[h(o, (T — ji;))16 < T] (A.31)

for an arbitrary investor j. Given that investors’ signals are homogeneously
distributed, fl El;19 < T1di = E[1;19 < T]. Thus, combining equations (A.30)
and (A.31) yields

E[Pyplo < T] — E[6]5 < T

« E[h(o; (T — 1,))10 < T] - E[h(as‘l(T — /illidi — 073(2 — K)>>|ﬁ < T]

0<T] —E[h(osl(T - /iﬁidi - éaf»w < T}.

Next, note that the inverse-Mills ratio A(-) is convex. Thus, to show that the
above expression is negative, it is sufficient to show that conditional on 7 < T,
fij >ssp fl adi + %osz, where >ggp denotes second-order stochastic dominance.
It is straightforward to verify that the coefficients on 7 in fi; and fl adi + %af
are identical. Therefore, the components of variation driven by ¥ in both [;
and [, fi;di + 202 are identical. Together with the normality of the error terms
{¢;} and Z and their independence of 7, this implies that second-order stochastic
dominance reduces to the relative variance conditional on 7, that is,

< E[h(oy (T - 1))

_ - . 2 o - A
i >SSD /Midl + ;crf & var(ji;|0] < var[/uidz + ;032|u].
i i

Calculating these variances, we have

1g. % 5 4.2 4( 2 2 2
var[fi;|0] = var 2fit a2 | | oyolel (vt +o70r)
! L+ 5+ (t202 + 020202 + 0204)2
o? olo? o? v vY Y% z%

Sl o 1\aT
[ [ i+ Zo21] (F % +1F] _ 1 olatol(e +ota)’
var| | g;di + —oZ|0 | = var| ————— — .
j v’ Stz ta | T (%02 +0202(02 +02))?
Taking the difference yields —% (Tsz”}(f;?é;tﬁgz)z 0
Part (ii). We show that the firm is overvalued when o, — c0; by continuity,
this ensures that the firm is overvalued for o, sufficiently large. Note that as
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o, — o0, Py(v,z) — “Tvz(z —«) and o; — o,. Thus, in this limit, the nondisclo-
sure price given a threshold 7' does not depend directly on the firm’s value;
denote this price by Pyp(z; T). In this limit, we have that the equilibrium con-
dition reduces to

0= E[T — Pup(E; T)]

e0=E} - -2+ p(p(”l”_%(é_lc))
Oy T p@(%—%(ﬁ—x))+l—p
Now, since Z((;)) = —x, note that
) s o po(i-) _o(E-)
[ﬁpm(o, T)LT “0e P PRl
O ke B 2
po(L-s2)41-p o T

= T — pND(O; T) =0.

Consistent with the minimum principle in Acharya, DeMarzo, and Kre-
mer (2011), this implies that the equilibrium threshold when there is no
noise trade, 7', satisfies T' = arg min, Pyp(0; x) (the second-order condition is
straightforward to verify). This implies

A A~ A A N A 0'2
IE[T — Pyp (& T)] —7- E[PND (0; T —z)]
T
< T — EI:PND<O; T)] =0.
As shown in Lemma A4, E[T —ISND(é; T)] strictly increases in 7. Thus,
t}le equilibrium threshold Wiﬂ} noise trade T* (i.e., the solutioAn to E[T —
Pyp(Z; T)] = 0) satisfies T* > T. Now, note that when « =0, Pyp(0; T*) =

E[GIND] (where ND here refers to the event of nondisclosure in the equilib-
rium in which the manager discloses when v > T7*), and thus

EI:PND('% T*):I - E[lﬂND] = EI:PND(f; T*)] —PND(O; T*)
=T — pND(O; T*),

because T by definition satisfies the equilibrium condition E [Pyp(E; T*)] = T*.
From the proof of Lemma A.4, x — Pyp(0; x) is increasing in x. Thus, since T* >

85U8017 SUOWILIOD 3A1Ie.D) 8|qedl|dde 8Ly Aq peusenob 8. sajole YO ‘8sn Jo S8in1 10} ARIg1T 8UIIUO A1 UO (SUOHIPUOD-PUB-SWB)LLIOD A8 | 1M Afe.q||BulUo//:Sty) SUORIPLOD pue SWB L 8U1 89S *[£202/2T/92] Uo Ariqiauljuo A8 (1M eluiodifeD JO AiseAIUN AQ 96ZET  HOITTTT OT/I0pAL00 A8 | im ARe.q iUt |uo//Scny Woay papeojumod ‘0 ‘T9Z90vST



Disclosing to Informed Traders 49

T and T' — Pyp(0; T') = 0, we have that T* — Pyp(0; T*) > 0. Because this holds
for « = 0 and price is continuous in «, it also holds for small positive «. O

G. Proof of Proposition 6

The public signal is observable to all agents in the model prior to the dis-
closure and trading stages. Thus, the proofs of Propositions 1 and 2 directly
extend to this case upon replacing the prior mean and variance parameters of
zero and 02 with the mean and variance parameters conditional on the public
signal, E[d|y] and var[7|y]. O

H. Proof of Lemma 2

We can rewrite the equilibrium condition as

0=T—c—E[Pyp(T,2y)]

- p¢(T7PU(T.z”,y)>
—E|T —c— |Py(T,3,y)— o, =
pq)(TfPU(T,z,y)) +1-p

Os

B T-Py(Tzy)
_ 5 po| ——=
alrom@ay o pe(EEEE)

05 qu(TfPU;T,é,y)) +1-p Os

We can further manipulate equations (19), (21), and (22) to arrive at

T-PyT.zy) _ 1 T_(é+713)E[5'5=y]+($+%)(:p+§2> _ ok

1 1 1 1
o o + 14+ 14 T
s y of 1oy Lo ' o}

1 (F+2)T BT =y (E+2)% o

1 1 1 1
Os @+¥+0—3+0—3 T

AT - E[0ly =y]) +Azz + Azk.

Thus, the equilibrium condition may be written as

E[AI(T_EW:y])+A3K+ Po(AL(T —E[5] = y]) + AgZ + Ag) c:|=0.

pOALT —E[5ly =y]) +Asz +Agk) +1—p 05
This implies that

T-E[ly=yl=t", (A.32)
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where t* solves

At* +Az2 +A
B A 1 Age 4 POAT HAZHAN) e )
pq)(Alt* + AgZ +A3K) +1—p o

We now have that the probability of disclosure given y = y satisfies
Pr(0> Tl =y)=Pr(0 > t* +E[olj =y1lj =)

~ Sy It = L
=Pr(0 —E@ly =yl > t'ly =y) = ‘D(W>

Since t* does not depend on y, this is independent of y. Finally, the result that
T()=T(0)+ E[J]y =y] follows from equation (A.32) and from the fact that
E[6ly = 0] = 0. O

1. Proof of Propositions 7 and 8
Costly disclosure case

Applying Lemma 2, the probability of disclosure equals

Pr@ > T()) = /Pr @ > TH)F = x)dF,(x)
=Pr @ > T(0)|y = 0)

1 q,(&)
B Vvar(@[y)

—1- q>< [ %T(O)). (A.33)
Gﬂ UU

Let Q°P(T, 5,) denote the net expected benefit from disclosure wheny = 0 as a
function of T' and o, in the costly disclosure benchmark:

T —-Py(T,z, 0))]

Os

QP(T,0,)=T —c— ]E[PU(T, 2,0)— ash(

and let QP and Q5P denote the derivatives of QP with respect to its first and
second arguments. Then,

d 1 1
8_%[1_¢< /a—f@“mﬂ

1 1 QP(T©O)o,) [1 1 1(1 1 .
_—¢>( 0—3+G—3T(0)>|:—m ?—i_a_vz_? ﬁ—i_a_uz T(0)

n
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1 1
« o3 <_ + ﬁ) QP (T(0). ;) + TR (T(0). 7).

6112 n
Analogous arguments to those in the proof of Proposition 2 enable us to in-

terchange the order of limits/derivatives and expectations in calculating this
expression. Doing so and simplifying yields

11 . .
op <— + (ﬁ) Q5P(T(0), 0,) + T(0)25”(T(0), o) = E[Bo + BrT(0) + Bz,

o2 :
where (suppressing the argument o, (7'(0) — Py (T(0), 2, 0)) of h and k')

_ 2+ 2 2+ 2 2
B():O'?’<i—{—U—]-2>]’L—|—O'S4K(a7 G)(t GGE)(2+h/)

*\o2 : ranzofozzaf
5 Jf1 1 1 1 1) (0240 (x2+0202)
Br=o\\ o2+ o2 |\ Sarpog ~ o2 " o2) 0262020% h
n v € P n-voz Ve
Y 2 22

B __04(2+h)(0 +02)(t? + 020?)

=TT 102020202 ’

n Y% Yz %

In summary, 3%” Pr(o > T®) <0 < E[By+BrT(0)+B.2] <0

Crowding out. We next establish the sufficient conditions stated in Proposi-
tion 8 for aLa] Pr(s > T(§)) > 0: either Pr(Disclosure) < } and 0—12 + 0—13 < Wlﬁm’
or Pr(Disclosure) > % Given that &’ > —1, we have Bj > 0. Furthermore, be-
cause Z is mean zero,

B[B.2] o B[ (10-Rur020);] —covl:h/(T(O) ~ R T0).2, 0)), z}

Og O..S

— AZU2E |:h//<T(O) —PU(T(O),ZN, 0))]’

Os

where the second line follows by Stein’s lemma. As h” >0 and A, > 0, this
expression is positive. Note further that iz + 6—12 < Var[v‘y] = Br > 0. Combin-

ing these facts, when 7'(0) > 0 and + W, E[Bo + ByT(0) + B.2] > 0.
Now, applying Lemma 2, 7(0) > 0 1f and only ifc 1s such that Vy, T'(y) > E[0]yl.
This, in turn, is equlvalent to Pr(Disclosure) < 5. Next, after performing te-
dious calculations, we can rewrite E[By + By T (0) + B.2] in the following form:
anava306(02+02)
(Uz(r262+02022({:2+g2))U_H,z{,zaz;)sz
E [h 4 TO- PU(T(O)z Opr 4 9TO) PU(T(O)z 0)]
_E [ (1+h’)T(0) t(o2+0?) ]

2(1202+0202(02+62 ))Jr(r”zazza;‘
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It can now be verified that the inverse-Mills ratio satisfies A(x) + xh'(x) + 2x >
0. Together with the fact that 2'(x) > —1, we have T'(0) < 0 = E[By + B7T(0) +
B.z] > 0.

Crowding in. We next move to prove the sufficient condition stated in Propo-

sition 7 for B%Pr(ﬁ > T(¥)) < 0: ¢ is large and Glz + (% > le‘y] Note that
n & P

Proposition 3 extends immediately to the case with public information, so

that % > 0. Furthermore, since for any finite 7', lim,_, ., QCP(T, 0,;) = —09,

we have that lim,_, ., T'(0) = oco. Therefore,

lim E[Bo + BrT(0) + B.z] = plim E[Bo + BrT(0) + B.Z].

c—>00

Applying the fact that the inverse-Mills ratio satisfies A(x) and A'(x) — 0, we
obtain

- 1 1 K(O’2 —I—az)(rz —{—0202)
3 _ : 31— _ 4 n v z Ve ,
T(IOI)IBOC E[Bo] = T(lol)llloo E |:GS (crv2 * ,%)h % t020lo20} (2+#)

4/((0,72 + 0112)(12 + 022052) )

’

s 2525252
T0,0,0;0;

(247 (0,12 +02)(r? + 0‘220‘82):| 0.

2525252
10,0050,

lim E[B.Z]= lim IE|:—2*GS
T(0)—o00 T(0)—o00
. 1 1 1 1 1
lim By = lim o;‘ St ==
T(0)— o0 T(0)—oo0 ° oy o, var[Oly] o} o,

_(0,72+6U2)(r2+02203)h/ _ i_}_i 11 1
02020204 *\o2 o2 )\var[oly] o2 0,? .

n-v-zYe

Thus,

, . . . 1 1 1
ro ELBo ¥ BrTO)+ B2 = gn(w T 7) o

Probabilistic info case

Crowding in. We first show that when investors’ information is not too pre-
cise, on a set of values of o, of positive measure, we have %{W < 0. Re-
call from the proof of part (ii) in Proposition 5 that, as 0. — oo, the equilib-
rium threshold T* exceeds the threshold in which there is no noise trade, 7'.
This result extends to the case in which there is a public signal ¥ because its
derivation holds for any prior mean and variance parameters. That is, letting

the equilibrium thresholds in the presence and absence of noise trade be T*(y)
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alnd T'(3), respectively, we have T*(§) > T'(y), and thus Pr(@ > T*#)|y) — Pr( >
T@)y) < 0. To complete the proof, we show that

lim [Pr (6 > T*G)ly) — Pr (5 > T@)L«a)] —0.

(f,/—>

This immediately implies that w < 0 for o, in a set of positive mea-

sure.?? From equation (A.33), we have

Pro>Tyly)=1- ¢<T(—03~>,
var([0[y]
and thus
: R RO, B 70 \ _ .(_ T
Jim, [Pr (@ > 7' 0) Pr(”>T”)'y)]_33510[¢<¢varW> q’(m)}

So, letting t/(o,) = lim,, . J% and #,(0,) = lim,, .« J% we need

to show that lim, ¢[¢;(0,) — £,(0,)] = 0. Note that as o, — oo, Py(7,2,0) —

2 2
-1.2(5 2 )
1 l0l(2 —«k)and 07 — 03+a,,2'Let
I B
0202 P¢<t T T
* _ 1
y (t,a,,):t+ —_—
2 2
% +aﬂ T ol %2‘7772 Z—k 1
pP\t =z | T1—P

denote the limit of the equilibrium condition when ¥ = 0 as o, — o0, as a func-
tion of o, and the “normalized” threshold ¢ = ——L—. Moreover, let

A/ var[o|yl

oloy

A g po(e#E)

y(t36n)5t+ 2 2_+
O’U+O'n‘L' olo?

polt+. /=57 )+1-p

2 2
oFtor T

denote the analogous condition when there is no noise trade. Then, by defini-
tion, we have y*(t}(0,), 0,) = 0 and 9(#,(0,), 0,) = 0. It can be easily verified
that W W > 0. Thus, we can apply the implicit function theorem to
arrive at

y*(lim £ (o), o) —0 and )7<lim £u(a), o) = 0.
0,—0 0,—0

29To see why, let ¢(T, o,) denote Pr(d > T*()|y) as a function of T' and ¢,. Suppose by contra-
diction that %f”) > 0 almost everywhere. Then, fixing an x > 0, we have q(T*,x) — q(T', x) =
8¢ < 0. Thus, ¥’ € (0,x), ¢(T*,x') — q(T', x') < 8. This contradicts the fact that lim,, 0 q(T*, o) =
hman—>0 Q(T, 5)7)-
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Critically, it can be verified that § (¢, 0) = y*(¢, 0). This implies

f/(lin%)fn(a,]), 0) - y*(limofn(a,}), o) - y*(lir%tZ(a,,), 0).

Again, applying the fact that W
lim,, .o Z,(0;), as desired.

Crowding out. We now show that when o, is sufficiently close to zero,
r)i(r, Pr(@ > T(§)) > 0. Let Q(T, 0,) denote the threshold firm’s net expected
benefit from disclosure when y = 0 as a function of T' and o, in the probabilis-
tic info benchmark,

>0, this yields lim,, .ot:(0,) =

T-Py(Tz2,0)
T-Py(T20) P¢<—Uas )

Pl _
Q (T, Gn) =E o pq)(T_pU;ST,z,())) +1-p

’

and let QY/(T, 0,)) and QL(T, 0,) denote the partial derivatives of Q7 with re-
spect to its first and second arguments, respectively. From (A.33), we obtain
that ai% Pr( > T(y)) satisfies

3 /1 1 of 1 1\b(T(0),0,)
87.‘,7|:1 — (1)< 0—712 + O_—UzT(O)>:| x o, (E + 6—1]2> —QIIJI(T(O), a,]) + T(0).

We have that
. . T—-Py(T, 2,00\ 0 (T —-Py(T,z,0)
PI / U U
)<< (T £ (1]
T —-Py(T, 2,0 o (T —-Py(T, 2,0
lim @2(T.0,) = E| lim @, ( L0200 9 (T =Fvd:2,003 |
0,—0 0.0 P Og 80,, Og

where G,(-) is defined in the proof of Proposition 4. Calculating and simplifying
the derivatives in this expression, we obtain

QPl(T
im 721( (0).,)
70 QEI(T(0). ,)

I T(0)0‘U2 (GU2 (21’20,]2 + 022 (20,]2052 + a;‘)) + 07720220;‘)
B a}gh a oy (onz + 002) (crv2 ('[20,]2 + 022082 (onz + 03)) + 03022054)

ata?(r* + oo?) i G|

z

o7+ oR)oR(eta + oot} + o)) +ofoled)  E[q(TuruLzo)]

Os
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Taking limits, we obtain

4._2( 2 2 2
0,0,0; (‘L’ +Uz%)

lim — =0

" T(o + o) (o2 (e + oo} + o) +ofoled)

o] sl (=)

AeEEE] T ]

Thus, we have

PI
lim {ﬁ(l 4 2 >Q2 (. ) +T(O)}

a—0| "\ o2 " o2 ) QPI(T(0). 0,)

- |:lim T(O)] tim (1-03( %+ = o (00 (2%, +0; (20,00 + 07)) + )0z 0r)
oe—0 0e—0 ! 0’72 o2 oy ((7,72 + (7112)(%2 (72(7,72 + (722(732 (0,72 + (73)) + (7,]2(7520;1)

= — lim T(0).

o —0
To complete the proof, we show that lim, o 7(0) = —co. Note that

T -Py(T,z2,0) Z—k
m = — .

li

o.—0 Og (o

Hence, since Z is mean zero, we have

lim Q7(T,0,) = E| = + po(- %)

- > 0.

Combined with the fact that Qf7 > 0, this implies that the solution 7'(0) to
QPI(T(0), 0,,) = 0 must approach —cc as o, approaches zero.

Appendix B: Extensions

A. Postdisclosure Public Signal

When studying the impact of public information on voluntary disclosure in
Section V, we assume that the public signal arrives prior to disclosure and is
therefore observable by the manager. In some contexts, managers may not be
able to predict the outcome of public information.?° Moreover, disclosure reg-
ulation likely influences both the amount of public information that currently
exists and the amount of public information that is expected to arrive in the
future.

30 See Acharya, DeMarzo, and Kremer (2011) and Frenkel, Guttman, and Kremer (2020) for
analyses of postdisclosure public information in other settings.
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To address this issue, in this appendix we extend our analysis to incorporate
a public signal that arrives after the disclosure decision. Suppose now that the
firm releases a signal both before (ex ante) and after (ex post) the disclosure

ya=6+ﬁa7 ypzﬁ_'_ﬁpa

respectively, where 7, ~ N(0, a .) and i, ~ N(O, o ») are independent of all
other random variables in the model The key dlstlnctlon between these signals
is that ¥, is observable to the manager when disclosing, while 7, is not. In
this sense, j, acts similarly to investors’ private information in our model.
Thus, the derivation of equilibrium is a straightforward extension of our main
analysis. We summarize the results below.

PROPOSITION B.1: Suppose that p =1 and/or U— + 5 Ly 2 is sufficiently

small, and fix a realization of y, = y,. Then there estts a umque equilibrium
in which the manager discloses if and only if 0 > T(y,). In this equilibrium,
the firm’s nondisclosure price takes the same form as in Proposition 6 upon
redefining

fii = E[0Olya.5p. §i.8p]: 07 = var[lya. 5. §i. §p].
Moreover, the equilibrium disclosure threshold satisfies
T(yq) —c = E[Pypl0 = T(¥a),J = ya]. (B.1)

where the expectation is taken over §, and y,,.

PROOF OF PROPOSITION B.1: The proof is a straightforward extension of the
main analysis in our paper upon adding 7, to investors’ conditioning set. The
only step that materially differs is the derivation of Lemma A.3, which estab-
lishes sufficient conditions on when the manager is more inclined to disclose
as the firm’s value increases. The reason is that the ex post public signal raises
the sensitivity of the nondisclosure price to the firm’s value. It can be veri-
fied that the sensitivity of the price to v (conditional on the public signal 37“,
which is a known constant) is now 02(5- + & + = L), as opposed to o2(% o L.

Thus, the analogous argument to the one in the proof of Lemma A. 3 shows
that the appropriate sufficient conditions are now that p =1 or - —|— —|—

sufficiently small. D

While an analytical treatment is not tractable, we next numerically study
the probability of voluntary disclosure in this setting. We conduct two anal-
yses. We first consider how varying only ex post information quality affects
voluntary disclosure. We then consider how simultaneously varying the qual-
ity of both ex ante and ex post information quality affects voluntary disclosure.
The goal of the latter analysis is to provide insight into the effects of persistent
differences in disclosure quality, such as those driven by disclosure mandates.
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Panel A. Costly Disclosure Benchmark Panel B. Probabilistic Info Benchmark
(p:1705:az:1) (C:070'520'Z:2)
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Figure B.1. Probability of disclosure versus information quality (ex post signal). The
figure plots the probability of disclosure as a function of the amount of public information o,.
The upper plots simultaneously vary the quality of both ex ante and ex post information, while
the lower plots vary the quality of ex post information only. Other parameters are set to x = 0,
7 =1, and o, = 2. In the lower left (right) plot, 0, 4 is set to 1 (2). (Color figure can be viewed at
wileyonlinelibrary.com)

Figure B.1 depicts the results. Note first that in the probabilistic information
benchmark, ex post public information raises the likelihood of voluntary dis-
closure. This is consistent with the findings in the main text. In contrast, in the
costly disclosure benchmark, ex post information quality lowers the likelihood
of voluntary disclosure. However, when jointly varying ex ante and ex post in-
formation quality, public information may again crowd in voluntary disclosure
when c is large.

B. Noise from Hedging Demands

In this appendix, we show that our results continue to hold when noise is
driven by investors’ desire to hedge outside exposures to the asset, as in, for
example, Ganguli and Yang (2009) and Bond and Garcia (2022). Such demands
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are commonly interpreted as stemming from investors’ human capital expo-
sures. The key difference in this setting is that the behavior of the traders who
introduce noise into price is now endogenously influenced by the disclosure.
Nevertheless, we show that our results are qualitatively similar in this case.
Formally, suppose now that there is no noise trade. Instead, investors have
nontradable exposures of a risk U that is correlated with the stock’s payoffs

U =0+£ and§ ~ N(0,07).

Investor ’s exposure Z; has both an investor-specific component and a common
component; the common component ensures that the price does not fully reveal
investors’ private information. Given that it serves an analogous role to noise
trade in the main model, we refer to the common component as Z. Formally,
Z; =2 +§;, where

& ~N(0, of) andz ~ N(0, o72).

We assume that the errors ¢; are independent across investors and both Z and
¢; are independent of all other random variables in the model. To summarize,
investor i’s terminal wealth given their demand, which we now refer to as D;
to distinguish it from their demand in our baseline model, satisfies

Wi =D;g@—P)+ (£+¢)U.

In the next proposition, we verify that the general nature of the equilibrium
we study is robust to this version of the model. We again focus on equilibria
in which the price is monotonic in a linear combination of v and z, which we
now refer to as §, g = U + BuZ to distinguish from our main analysis. Similar
to other models that introduce hedging demands, there are now two potential
equilibria in the trading stage. However, across both equilibria, we show that
the conditions to ensure the existence and uniqueness of a threshold disclosure
equilibrium are unchanged.

PROPOSITION B.2: Suppose that afof — 412 > 0. Then there are two equilibria
in which price takes the same form as in our main text upon replacing Py (v, z)

by

1 1(1 1 o2
PU‘H(U,Z) = US%H (ﬁ + ( + —2)>(U + Buz) — T’H’C,

By \oZ o

where

oly = var[0l8;, Spu. Zi] =

’

2 .2 2 2 2
o2 <022 (ISHG; + 052) +0; ‘752) + BfoloZa?
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and By satisfies

o
B = _20?5 (a:os + 1/052‘752 — 412>.

Moreover, a threshold disclosure equilibrium exists and is unique when either
p = 1or o? is sufficiently large.

&

PROOF OF PROPOSITION B.2: We start by characterizing the nondisclosure
price. Note that investor j chooses their demand to solve

argIBaxEj[exp (=t 'D;(@ — Pyp) — v 'Z;U)]

JH

= argIBaxEj[exp (=t *(Djn +Z;)(@ — Pyp) — v 'Z;(Pyp + £))]
i

= argmaxexp (=7 'Z;(Pvp + £))E;[exp (=t ' (Dju + Z,)(@ — Pyp))]

JH

= argrgaxEj[exp (=t (Djn +Z;)(@ — Pyp))].

i H

This equation reveals that the investor’s optimal demand plus their outside
exposure, D; ;y + Z;, satisfies precisely the same maximization problem as the
investor’s optimal demand in our baseline model, D;. Consequently, following
Lemma A.2, we have that investor j’s demand conditional on nondisclosure
satisfies

- T
Dig+Z7Z;= GT[/LJ',H —g '®Pwp)],

s,H
and thus
. GSQH ~ .
Pvp =g /Mj.HdJ - T’(fZJdJ —K>
o2
:g(f ;LJ'Ade— STH(E — K)),
where

win =E[018), 8pu. Z;)
o’y = var[0ls;, $pu. Z;).

Now, applying Bayes’ rule, we obtain

2 2 2
pig= e (s (11N n
Jd 9 °J 2 2 2 D 2]

0z ﬂH Ug o ﬂHag
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-1
9 1 1 1/1 1
Osp = O—E-I-E—FE 0_?+0_22 .

o2
/Mj,HdJ——Z
2/1~+1 1, 1) P
= —S$i+—|—=+—=])5H j — ——2
s,H 052 J IBI%I G{z 22 p {2 J T
ol 11 1 ol
= 355 | = + = | @+ BuZ) - 52 — sH 5
logs B oy 0 o; T

1 1 1 1 - 9 1 /1 1\ .
(e ool 2

1 L)_l
ﬁH 022 T
B — =0
14 1(1 41
o2 B\ of o2
<:>rcr{ﬂH+c7{ ﬁH—i-ra =0.

When o202 — 412 > 0, this has two solutions, which correspond to two equilib-

ria:
ﬂH:—i(Ugagi1/U 02 47:)
20,7

Finally, substituting for g(-), we obtain the result in the proposition. We next
study the disclosure equilibrium. Recall from the proof of Proposition 2 that,
in order for a threshold equilibrium exist, we require that

0Pxp(v,2; T)

Yu,z, T € R,
v

< 1.

We next show that this condition holds when either p =1 or p <1 and o, is
large. When p =1, it is sufficient to have that Wunva) _ 1 (see expression
(A.17)). This continues to hold in both equilibria in the financial market since

-1
oPyp(,z) (1 1 1/1 1 1 1/1 1
T—(o—g+g+@(z+gg 2 pp\a2 2]
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When p < 1, we obtain

oP, vz, T 0P, ,
ND(U z ) _ U,H(v Z) *gJ(PU,H(U,Z))
au av

1 1(1 1 var[3|ND, i, = Py p|
2 J )
— S,H<_2+_2<_2+_>>* 5

O-S,H

1 1 1 1
= <—+—2 —2+—2>> *var[17|ND, [,Nl,j =PUH]
3 ¢

1 11 1 oy . P(L=p)

Thus, a sufficient condition is that

1 1(1 1 1-— -
—2+—2 —2+—2 <|:O’U2<1+u)i| .
of  Bg\oi 0o 2
Note that ,3,21 is smaller, and thus this inequality is more difficult to satisfy, in

the equilibrium in which By = —ZZ;’T (op0: —,/ 0{20&? — 412). In this case, apply-
ing L’Hopital’s rule, we obtain

-2
lim ,3;12 = lim (— 205 (0;08 — 052‘752 — 4':2)) =0.

Og—> 00 O,—> 00 O’(‘L’

Thus, it is sufficient that o, is large. Finally, one can verify that the proof that

a threshold equilibrium is unique when it exists depends up the function Py g
only in that it requires JP%U(”) < 1. We have shown above that this is true

when either p = 1 or p < 1 and o, is large. O

The next corollary replicates our two main findings regarding the nature
of equilibrium in the main text: misvaluation and the potential that public
information crowds in voluntary disclosure.

COROLLARY B.1: Conditional on nondisclosure, the firm’s expected value
(generally) differs from its expected price.

(i) In the costly disclosure benchmark (i.e., p =1, ¢ > 0), the firm’s expected
value exceeds its expected price, that is,

(it) In the probabilistic information endowment benchmark (i.e., p <1, ¢ =
0), when investors’ private signal precision 1/c, and the aggregate supply
K« are sufficiently low, the firm’s expected price exceeds its expected value,
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that is,
E[Pyp|ND] > E[3|ND].

Now suppose that, as in Section V, the firm releases the public signal y =0 + 7
prior to the disclosure decision.

(iit) In the costly disclosure benchmark (i.e., p =1, ¢ > 0), an increase in the
precision of the public signal increases the probability of disclosure when
(% Uar[s%zHlﬁ] > Uar%ﬁlﬁ] and disclosure is sufficiently expensive.

(iv) In the probabilistic information benchmark, when investors’ private in-
formation is not too precise, there exists a range of values of public in-
formation precision such that an increase in the precision of the public

signal increases the probability of disclosure.

PROOF OF COROLLARY B.1: As the proofs follow the same structure as those
in the main text, here we highlight only the steps that change in this version
of the model.

Part (i). Note that the proof of Proposition 5 relied on two features regard-
ing Py (7, 2) and fi;: (i) the coefficient on ¥ in each of these expressions is the
same, and (ii) var[Py (7, £)|0] > var[ji;|0]. It can be immediately verified that
the coefficients on ¢ in Py i and /i j 7 remain unchanged. Next, observe that

2 4
VaI‘[PU’H(ﬁ,,f)W] = (O-SZH( 1 _ 1)) 022 — 21 OsH (‘L’ . ﬁHGZZ)Z

Buo? T Bz T2 o2

2 2 2
~ 1 US,H ~ US,H 1 1 ~ O’s,H Z ~
var(fi;m|0] = var| =78+ | 5 + =5 |§p — 52,10

r 2 2 2
o o, 1 1 o ~
=var| 2z, 4 —S’ZH (—02 + —02>,3H§ - S’H2 (z+ é“i)j|
3

2
L 05 ﬂH z ﬁHUC
P 2 2
Us,H ~ Us,H ~ O’s,H ol
= var —28]+—22— 5 6i
o, ﬂHUz ﬁHO-(

Oc
20,7

Substituting and simplifying, in the equilibrium in which gy = —5> (0,0, —

ofo? —41?%), we have

O':H(O'C( ofo? — 412 — o;ag) - 203@;)

< 0,
2120,

var|fig|0] — var[Py u(0,2)5] =
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and in the equilibrium in which gy = — ZZZZ (0c00 + /0;2(732 — 412), we have

O’:H (a;( /afof — 472 4 o;as> + 202205)
' < 0.

2120,

var|fijg|0] — var[Py a(0,2)0] = —

Part (ii). Note the proof of Proposition 5 does not rely on the specific proper-
ties of Py, except for the fact that it remains random when o, — co. It can be
easily verified that Py y also satisfies this property.

Part (iii). Following the same steps as in the proof of Proposition 7, we
obtain

v n

sign(% Pr (s > T(y))) = sign(a,f (12 + t)ggD (T(0), o) + TP (T(0), an))
n

: 1 1
—&ign| —— - 5 - ————|.
ooo B (var[ﬁm o2 uar[gp,Hw])

Thus, if lem — (% — Wialv] < 0 when ¢ grows large, additional public infor-

mation raises the probability of disclosure.

Part (iv). As discussed in the proof of part (ii), the proof of Proposition 5
immediately extends to the current model. As a result, the disclosure threshold
when o, — oo strictly exceeds the corresponding threshold in the absence of
noise in price. Thus, the same steps applied in the proof of Proposition 7 can
be applied to show the stated result. O
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